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(U ' Abstract 

I Divergence-free Lie algebras (also known as the special Lie algebras of Cartan type) are 

' Lie algebras of volume-preserving transformation groups. They are simple in generic case. 

Dokovic and Zhao found a certain graded generalization of them. In this paper, we classify 
all the irreducible and indecomposable multiplicity-free modules of the simple generalized 
\ divergence-free Lie algebras. 
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1 Introduction 

Lie algebras of Cartan type are closely related to geometry and dynamics. They also play 
^ ' important roles in the structure theory of simple Lie algebras. Kac [5] gave an abstract definition 
' of generalized Cartan type Lie algebras by derivations. After that, various graded generaliza- 



^ ■ tions of Lie algebras of Cartan type were constructed and studied by Kawamoto |8j, Osborn [TT] , 
Dokovic and Zhao [IHS], and Zhao [30]. The fundamental ingredients for these graded general- 
izations are the pairs of a semi-group algebra and a set of grading operators and down-grading 
operators. Motivated from his works on quadratic conformal algebras ^28j and Hamiltonian 
operators [29], Xu [27] found certain nongraded generalizations of the Lie algebras of Cartan 
- type and determined their simplicity. Xu's nongraded generalizations are based on a semi-group 
^ • algebra and a set of locally-finite derivations. In generic case, the algebras found by Xu do not 



O 



have a toral Cartan subalgebra, which makes key difference from the other generalizations. 

The representations of simple Lie algebras of Cartan type have attracted the attention of 
many researchers as well. Shen [T7HT9] introduced mixed product of graded modules over graded 
Lie algebras of Cartan type and obtained certain irreducible modules over a field with character- 
istic p. Larsson [8] obtained the same representation of Witt algebras from different motivation 
(Later was called "Larsson functor" by some authors). Rao [TStflG] constructed some irreducible 
weight modules over the derivation Lie algebra of the algebra of Laurent polynomials virtually 
based on Shen's mixed product (Larsson functor). 

Lin and Tan [9] constructed some irreducible weight modules over the Lie algebra of quan- 
tum torus via Shen's mixed product. Y. Zhao |32] determined the module structure of Shen's 
mixed product over Xu's nongraded Lie algebras of Witt type (cf. [27]). Moreover, she [33] 
constructed a family of irreducible modules for Xu's two-derivation nongraded Lie algebras of 
Block type (cf. [26]) via an embedding of the Lie algebras into the corresponding generalized 
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Weyl algebra and Shen's mixed product. Furthermore, she |34j obtained a composition series for 
a family of modules with parameters over Xu's nongraded Hamiltonian Lie algebras (cf. |27j ) . 
These modules are constructed from finite-dimensional multiplicity-free irreducible modules of 
symplectic Lie algebras by Shen's mixed product. In [35], Y. Zhao and Liang generalized the 
results of [33] to Xu's four-derivation nongraded Lie algebras of Block type (cf. [26]). 

Howe [1] classified all the finite-dimensional multiplicity-free representations over finite- 
dimensional simple Lie algebras. On infinite-dimensional simple Lie algebra side, Kaplansky [6|[7] 
and Santharoubane [7| gave classifications of multiplicity-free representations over classical Vi- 
rasoro algebras. After that, Su [201 l21j generalized Kaplansky and Santharoubane's result to 
multiplicity-free modules over high rank Virosoro algebras and super-Virasoro algebras. Based 
on their classifications of multiplicity-free representations over generalized Virasoro algebras 
in [25], Zhao [31] classified the multiplicity-free representations over graded generalized Witt 
algebras. Moreover, Su and Zhou [21] generalized Zhao's result in [31] to generalized weight 
modules over the nongraded generalized Witt algebras introduced by Xu [27] . 

Divergence-free Lie algebras, which are also called the special Lie algebras of Cartan type, are 
Lie algebras of volume-preserving transformation groups. They are simple in generic case. In 
this paper, we classify all the irreducible and indecomposable multiplicity-free graded modules 
over the simple generalized divergence- free Lie algebras introduced by Dokovic and Zhao [3]. 
Since the algebras we are concerned with do not contain a centerless Virasoro algebra, we can 
not use the existing results and have to find a new way to do our classification. This is a reason 
why this paper is so long. Below are some details. 

Let r be an additive group. A Lie algebra G over a field F is called a T-graded Lie algebra 
if ^ = ©oer^o' where each Qa is a subspace of Q, and [0^,0/3] ^ Ga+i3- A module M over 
a F-graded Lie algebra Q is called a graded module if M = ©^.gp is a F-graded space and 
GaMj3 C Ma+13- Each component Mq, is called a homogenous subspace of M. The aim of this 
paper is to give a complete classification of the irreducible and indecomposable graded modules 
of the simple generalized divergence-free Lie algebras introduced by Dokovic and Zhao [3j, whose 
dimensions of homogenous subspaces are less than or equal to one. In a subsequent paper, we 
will classify all the irreducible and indecomposable multiplicity-free generalized graded modules 
over Xu's nongraded divergence-free Lie algebras (cf. ^27], ^22j) as Su and Zhou did for Xu's 
nongraded Witt algebras in [23]. 

Throughout this paper, we assume that the base field F is an algebraically closed field with 
characteristic 0. This paper is organized as follows. In Section 2, we review the definitions and 
some basic facts about the generalized Witt algebras given by Kawamoto [8j and the generalized 
divergence-free Lie algebras introduced by Dokovic and Zhao [HE]- Moreover, we construct three 
classes of graded modules over Dokovic and Zhao's generalized divergence-free Lie algebras with 
1-dimensional homogenous subspaces, and give the necessary and sufficient conditions for two 
such modules to be isomorphic. Furthermore, we give the main theorem of classifying all the 
irreducible and indecomposable graded modules of these divergence-free Lie algebras, whose 
dimensions of homogenous subspaces are less than or equal to one. In Sections 3 to 5, we prove 
the main theorem under different conditions, respectively. 



2 The Lie Algebras and Modules 



We first review the definition of generalized Witt algebras introduced by Kawamoto [8j . The 
definition here is different in form to that in [8], but they are equivalent. 

Let D be a finite-dimensional nonzero vector space and let T be an additive subgroup of 
its dual space D* such that P|^gpker a = {0}. Denote by F[r] the vector space with a basis 
{x" I a G r} and the multiplication determined by = x"^^ for a, /3 G T. Write 1 instead 

of for convenience. The tensor product W = F[r] D is a free left F[r]-module. Moreover, 
we denote an arbitrary element of D by d, and for simplicity, we write x"d instead of d. 
Under the bracket 

[x"di,x'^d2] = x''+'^{/3{di)d2 - a{d2)di) for any ^i, ^2 € and a, /3 G T, (2.1) 

W becomes a Lie algebra. It is usually denoted by yV{T,D), and is called a generalized Witt 
algebra. Kawamoto [8] showed that W{T,D) is a simple Lie algebra. 

The Lie algebra W = >V(r, D) has a natural L-gradation W = ^^er where Wa = x^'D 
for a G r. In particular, we have Wo = D. It follows that 

= a(a)x"ai, va,ai g a g r, (2.2) 

namely, ad d acts on as the scalar a{d). Hence D \s a toral Cartan subalgebra of W. 

We now review the generalized divergence-free Lie algebras introduced by Dokovic and Zhao 
[3]. Define the divergence as the F-linear map div from W to F[r] determined by 

div(x°5) = a(a)x", V a G L, 9 G (2.3) 

Note that F[r] becomes a W-module with the action: 

xl^ = /3(a)x"+'' for a G Z), a, /3 G r. (2.4) 

It is easy to verify that the divergence has the following two properties: 

div[n, = n.div(7;) — u.div(n), (2-5) 

div(/w) = /div(w) + w.f (2.6) 
for u,v,wGyV and / G F[r]. So the subspace 

S = ker (div) (2.7) 

forms a subalgebra of W. If dimD = 1, then S = D. We assume from now on that dimZ) > 2. 
Then we have that 

5 = where 5^ = 5 n Wa- (2.8) 
It is clear that Sa = x"- (ker a) . Consequently 

C0dimvi;^(5a,) = 1 - 5afi. (2.9) 



We set S = [S,S]. Then 



aer\{o} 



(2.10) 



and 5 is a simple Lie algebra (c.f. [3]). The Lie algebra S is called a simple generalized divergence- 
free Lie algebra (also called a generalized Cartan type special Lie algebra). The goal of this paper 
is to classify all the irreducible and indecomposable multiplicity-free graded modules of the Lie 
algebra S. We sometimes denote S by S{T,D). 

For any fj,,r] £ D* , ( £ T, we define the F-graded 5-module = 0fjgr with the action 

x'^d.v/s = i/3 + fi){d)va+f} for any a £ F\{0},/3 £T,dG ker a; (2.11) 
the F-graded 5-module iz/^^^^ = 0„gr with the action 

x'^d.v,, = (/3 + Cmv^+p for Q G F\{0},/3 G F\{-C},a G ker a, 

x'^d.v^C = vidW^c for a G F\{0}, (9 G ker a; (2.12) 
the F-graded 5-module ,7; = ©^gr ^'"a with the action 

x'^d.v^ = (/3 + 0{d)va+i3 for a G F\{0}, /3 G F\{-a - C}, ^ e ker a, 

x"d.v-a-c = r}{d)v^^ for a G F\{0}, 9 G ker a. (2.13) 

It is easy to verify that these three classes of modules are restrictions to S of Zhao's five 
classes of modules over W in |31] . It is straightforward to prove: 

Lemma 2.1 The irreducibility of the three classes of modules ^C^v o-n-d ^(^^r^ is as follows: 
i) is irreducible if fi ^T. When ^ G F, = (0„gr\{-^} ^^a) ©IFt^-z^ is a direct sum 

of two irreducible submodules. 

a) If 7] ^ 0, the modules j?/^^^ and ^(^n o'^e indecomposable but reducible. In this case, s^c,r] 

has irreducible submodule ©Q,gr\{-C} while ^^Q^n has one- dimensional trivial submodule 

¥v-(^ and the quotient ^^^,j/Fv_^ is irreducible. If r] = 0, then ~ ^C,fl — -^o- 

We use , £^!- ,„ and „ to denote the nontrivial irreducible submodules or the nontrivial 

A* '51'; ',>'; 

irreducible quotients of -^c^n ^^"^ '^C:'?' i^sspectively. In analogy with Zhao's result, we have: 

Theorem 2.2 Among the S-modules .J^^, £^c_,r), for fJ.,r] £ D* , C £ and their nontrivial 
irreducible submodules or nontrivial irreducible quotients, we have only the following module 
isomorphisms: 

(i) ~ iff fi-fi' ev, 

(ii) ~ iff n-fi' er, 

{Hi) .s^c,,ri ~ -f^o.r) ~ =6/o,ar) for any a G F\{0}, 

(iv) mi^^n ~ - ^o,ar, for any a G F\{0}, 

(v) £/o,o ^ ^0,0 - -^0, 

(vi) s^l^^ ~ ^^^^ ~ J^Q. 

Then we give our main result of this paper: 

Theorem 2.3 Suppose dimD > 3. Assume that V = ©ggp ^ ^'^ ^ T-graded S{T, D)-module 
with dimVg < 1 for 6 €T. IfVis irreducible or indecomposable, then V is isomorphic to one 
of the following modules for appropriate fi £ D*, r] £ D*\{0} and ( G A: 
{i)the trivial module ¥vq; {ii)^'^; {iii)£^(^^ri', {iv)^c,ri- 

We will prove it case by case progressively in the following sections. 



3 The case dim D = 3 and T ~ 



In this section, we will prove Theorem 12.31 under the condition that dimD = 3 and F ~ Z^. 
Throughout this section, we shall always assume dimD = 3 and T ~ Z'^. 

Let M = ©ggr be a T-graded 5-module with dim Me = 1 for each 6 G T. Write 
Mg = ¥wg for € r. In order to prove Theorem 12.31 we first specify all the possible action of 
S{T,D) on M. We start our analysis with two useful properties. 

Fix any nonzero a £ T. Take any two nonzero vectors d, d' £ ker a. It can be noticed that 
x'^d and x^"d' preserve ©jg^ Mj^+jo- for any v £T. Fix u and we write 

x~^ d' .x^ d.Wyj^ia = CiWu+ia with Cj € F for i G Z. (3-1) 

We demonstrate how x'^d and x^'^d' act on ©jg^ Myj^ia- in the following lemma. 

Lemma 3.1 The constant Ci = c is independent of i. Moreover, if c ^ 0, for a G {y/c,—y/c}, 
there exist {0 ^ v^+ia G Afj^+icr \ i £ Z,} such that = avu+ia and x~^ d' .v^j^ia = 

for i G 1. 

Proof. Note x^d and x^^d' commute. For any i G we have 

CiX'^d.Wu+ia = x'^d.{x~''d'.x'^d.Wu+ia) = X'^'d' .x'^d.{x'^d.Wu+ia) = Ci+lx'^d.Wu+ia- (3.2) 

Thus Ci = Cj+i if x^d.Wyj^ifj / 0. When x'^d-w^+ia = 0, we obtain 

x~"d' .x^d.Wyj^ifj = and x~^d' .x^d.'w^^(^i^iy = x'^ d.{x~'^ d' .w^^(^i_^_i)^) = 0, (3.3) 

which indicates q = = Cj+i. To sum up, we get Cj = q+i for any i £ Z, i.e., q = c is 
independent of i. 

Suppose c 7^ 0. The fact Ci = c implies that x^d.Wu+ia 7^ for all i £ Z. Take Vu = Wy. 
Fixing a £ {\/c, — a/c}, we define Vu+ia^ by x'^ d.Vyj^^i_i-^„ = av^+ia for i £ Z. Then 

x-^d'.Vu+ia = ^x-''d'.{x''d.v^+(^i^i)^) = a?;^+(j_i)^. (3.4) 

So the lemma follows. □ 

Let 0", p G F be any Z-linearly independent elements. Observe that dim(ker a n ker p) = 1. 
Pick any nonzero vector di £ ker a ker p. Take 82 £ ker a \ ¥di and O3 G ker p \ ¥di . Then 
{di,d2} forms a basis of ker a and {81,8^} forms a basis of ker p. Obviously ^(^2) 7^ and 
aids) 7^ 0. Notice that x^^di, x^''d2, x^Pdi and x^^ds preserve ©^ -M^^^jCT+fcp for ^-ny G F. 
We derive their action on • M,^+jo-+fep under certain conditions in the following lemma. 

Lemma 3.2 If x"'^ di.x" di.Wy 7^ and x'f'di.x^di.Wi, 7^ for some u £T, then there exist 
{0 7^ v„^i^+kp G My+ia+kp \i,k £Z} such that 

for i,k £ Z, where ai and bi are any nonzero constants satisfying x^^ di.x'^ di.Wy = a\wy and 
x~Pdi.x'^di.Wu = b\wy, respectively. For such v^j^i^j^kp's, writing x^d2-Vu = a2Vu+a, x^ds-Vu = 
a^Vyj^p and x^^^di-Vp = dv^+a+p, we have the following relations: 

x^-^Pdi-v^+i^+kp = dvu+(i+i)a+{k+i)p for i,k £Z; (3.6) 



x^" d2.v^+ia+kp = (02 + A;/5(02)— )u,,+(i±i)^+fcp for i,kGZ] (3.7) 

x^Pds.Vu+ia+kp = (as + i(^id3) — )vu+ia+{k±i)p for i,k £Z. (3.8) 
Moreover, we have af = bf = (P. 

Proof. Since x~'^di.x'^di.Wi, ^ and x'^di-x^di-Wu 7^ 0, Lemma [3.11 enables us to choose 
{0 / Vt,^ia e h'U^ifj \i £Z} and {0 / v^+kp £ M„+kp \ k £ Z} such that 

x'^'^di.Vu+ia = aiw^+(i±i)^ and x^^di-Vu+kp = biv,y+(k±i)p (3-9) 

for i,k £ 7j, where ai and 61 are any nonzero constants satisfying x~" di.x'^ di.Wy = a\wy and 
x~Pdi.xPdi.Wu = hlwy, respectively. 

In order to determine the other u's, we shall first prove x^'di-Wyj^i^+kp 7^ for all i,k £ 
Consider the case i,k > 0. We give the proof by induction on i. If i = 0, (j3.9p shows 

xPdi.w^+kp^O for all k>0. (3.10) 

For some z > 0, we assume 

x^di.Wi,^icr+kp 7^ for A: > 0. (3-11) 
Since x~'^di and x^^di commute, (j3.9p and (j3.1ip indicate 

= xfdi.{x^"di.v^+(^i^i)„) = aix^di.Vu+ia / 0, (3.12) 

which implies xPdi.v^_^(^i^^„ / and x"'^(9i.u'^+(i+i)^+p / 0. Suppose xPdi.w^^(^,^i^^^kp / 
and x~°"9i.t(;,^^(j+i)o-+{fc+i)p 7^ for some A; > 0. Then this together with (|3.1ip imply 

= xPdi.x'''di.w^+(^i+^„^(^k+i)p / 0, (3.13) 

which implies / and a;~'"c)i.t(;,,+(j+i)^+(fc+2)p / 0. By induction on k, 

we have 

x''5i.?i'j,+(j+i)^+fcp / and x"'^(9i.u'^+(i+i)^+(fc+i)p / for ah A; > 0. (3.14) 
So induction on i gives 

xPdi.vu„+ia+kp / for 2, A; > 0. (3.15) 

It can be proved similarly for the other cases: i, A; < 0; i > 0, A; < 0; z < 0, A; > 0. We omit the 
details. So we have 

x^di-w^+i^+kp ^ for i,k£Z. (3.16) 

Now we are ready to define the v's. Take v^+ia and v^j^kp for A: S Z as they were in (|3.9p . 
Define f;y+j(j+fcp 

's with i,k£ Z\{0} by 

x''(9i.t>^+i/^+(fe/_i)p = hiVy+ii„+k'p for i', k' £ Z with i' / 0. (3.17) 
Then it follows from ([Hj]) and (f3l7D that 

fori,A;GZ. (3.18) 

For A; > 0, (f3lB implies 

x^^'di.v^+i^+kp = x^"di.{!^^-^)''.Vu+ia = (^^-^Y-x^^di-Vy+ia = ait;i,+(j±iy+fcp. (3.19) 



Moreover, 

{-^^f .{x^'' di.Vy+ia-kp) = x^"di.{-^^f .Vy+i„^kp = x^^di.v^+ia = ait'i/+(i±i)(T (3-20) 
for A; > 0, which together with (|3.18|) indicates x^'^di.v^j^ifj^kp = o-i'^u+{i±i)a-kp ■ So we have 

x^^'di.Vu+ia+kp = aiVu+{i±i)a+kp for i,k £Z. (3.21) 
Similarly, it can be deduced from (|3.9p and (|3.2ip that 

x~Pdi.v,y+i^+kp = hvi,+ia+(k-i)p for i,k £Z. (3.22) 

Finahy we want to show that x'^'^^di, x^'^d2 and x^^d^ act on the v^s in the desired expres- 
sions. 

Note [x'^~^Pdi,x^'^di] = and [x'^~^Pdi,x^'^di] = 0. From the assumption x"^Pdi.Vu = 
dvyj^a+p, it can be derived that 

x''^Pdi.Vu+iu+kp = dvy+(^ij^i)„+(k+i)p for i,keZ. (3.23) 

Moreover, since 

[x-'^aa, x''+pdi].v, = p{d2)xpdi.v, = hip{d2)v,+p / o, (3.24) 

we have d 7^ 0. 
Write 

x"d2.Vy+i^+kp = f^ih ^)^^^.+{^+l)<7+fcp for i,k gZ. (3.25) 

Using (]3.2ip in [x°'^2,x^^l].VtJ-^^ifJ+kp = 0, we get f^{i + l,k) = f^{i,k). Moreover, applying 
(f3l7D and to 

[x''d2,xPdi].v^+i„+kp = p{d2)x''^Pdi.v^+i„+kp, (3.26) 
we derive /^(i, A; + 1) — /^(i, k) = p{d2)-^- Therefore, by induction, we get 

f+(i^k) = f+ (0,0) + kp{d2)^ forz,A:GZ. (3.27) 

Write 

x~'^d2.v,y+i^+kp = f~{i,k)v^+(^i_i-j„^kp ioTi,k&'L. (3.28) 

Then using (|3.2ip in [x~" d2-,x" di].Vy+iaJ^kp = 0, we get f~{i + 1,A;) = f~{i,k). Moreover, 
substituting (l3l7D and ([3:23]) into 

[X''^d2, X^^Pdl^Vu+ia+kp = p{d2)x''dl.Vu+ia+kp: (3.29) 

we see that /~(i + 1, A; + 1) — /^(i, A;) = p{d2)^- Therefore, by induction, we obtain 

/-(f,A;) = /-(0,0) + A:/)(a2)^ fori,fcGZ. (3.30) 

Set 

xPd^.Vyj^i„+kp = g'^ih k)vy^i„^(k+i)p and x^Pd^.Vy+i^+kp = 9^ {h k)v^+i^j^(k-i)p (3-31) 
for i,kGZ. Observe that [x^^s, x^^i] = and [xpB^, x^'di] = a{d3)x''+Pdi. As KTlli . we deduce 

g+(i,k) = g+ (0,0) +ia{d3)— for i,keZ (3.32) 

ai 



by induction. Likewise, [x Pd'i^xPdi] = 0, [x Pd^^x^^^di] = (j{d^)x"di and induction give rise 
to 

g-{i,k) = g- {{),{)) +ia{d^)'^ lor i,keZ. (3.33) 
We get bl = by applying (pmi) . ^J^, (l?:5U|l and to 

[[x-''d2,xPdilx-P&i].v, = p{d2)a{ds)x-''di.v,. (3.34) 

Then substituting IKm . (ICTjl . and 6f = into 

[x-''d2, [x^d2,xfd3]].V, = p\d2)xPd3.V,, (3.35) 

we get /"(0,0) = /+(0,0). Moreover, ([3271), (|330D and bj = (f show 

f-(i^k) = f+(i,k) = a2 + kp(d2)^ fori,k£Z. (3.36) 
We obtain aj = d? by inserting ([MI]), ([322]), (13:271) and ([3:32]) into 

[xPd^, [x-Pdux''d2]].v, = p{d2)a{d3)x''di.v,. (3.37) 
Applying ([332]) . ([333]) . ([336]) and af = to 

[x-Pd3, [xPds, x''d2]].v, = a^{d3)x''d2.v,, (3.38) 
we deduce 5^(0,0) = 5'+(0,0). Moreover, ([332]) . ([333]) and aj = indicate 

g~(i,k) = g^(i,k) = as + ialds)— forz,A;GZ. (3.39) 

ai 

Thus the lemma follows. □ 

Next we begin to analyze the possible action of S on Af . 

Fix a Z-basis {ei,e2)£3} of T. Then ker ei n ker 82 D ker £3 = {0}. Picking any nonzero 
vectors di E ker 62 H ker £3, 82 G ker ei n ker £3 and £^3 G ker ei n ker 62, we get a F-basis of Z?. 
Obviously ei(5i) / 0, £2(^2) / and £3(93) / 0. It can be verified that 

S{r,D) is generated by A' = {x^'''d2,x^''d3,x^''^di,x^'^d3,x^'^di,x^'^d2}. (3.40) 

Thus, we only need to derive how X act on M. We analyze the action of X case by case in the 
following lemmas. 

Lemma 3.3 // there exists some u £T such that 

x~^'^di.x^'^di.Wu / and x'^^di.x^'-^di.w^ / 0, 
or, x~^^ d2.x^^ d2.Wy / and x~^^ d2-x'^'^ d2.Wy / 0, 
or, x~^^ d^.x^^ d^.Wy / and x~^'^ d^.x'^'^ d^.Wy / 0, 

then M is isomorphic to one of the following modules for appropriate p G D* and rj £ D*\{0}; 
(i)^^; {ii)s4i,rj; (m).^o,»?- 



Proof. Assume x~'^^di.x'^'^di.Wi, ^ and x~^^di.x'^^di.Wi, 7^ for some v €T; the other cases 
can be proved similarly. By a translation of the indices, we may assume = 0. Our two main 
goals in the proof are to properly choose 

{0 / Vie^+je2+ke3 ^ ^iei+jsi+kez I k £ Z} (3.41) 

and to derive how X act on them (c.f. (|3.40p ). The main idea is that we first specify the action 
of X on the three subspaces ^jj^^^Mj^^+kes, 0i,fcez ^iei+^s and ^^j^,^ Mi^^+j^^, and then 
extend it to the action of on M. We process our proof in several steps. 

Step 1. Elements {vji^^j^ke^ \ j,k £ Z} and action of x^'^^di, x^^^c^s, x^'^^di, x^'^^d2- 

Since x~'^^di.x'^^di.WQ ^ and x^'^'^di.x'^'^di.WQ ^ 0, Lemma [312] enables us to choose {0 ^ 

Vje^+kes e Mje2+kez \ j,k & Z} SUch that 

x^^''di.Vjs2+ke3 = aiT;(j±i)£2+fcs3 and x^^^di.vj^^+kea = hvje2+{k±i)e3^ (3-42) 

where ai and bi are nonzero scalars satisfying x~^^di.x^^di.vo = afvo and x~^'^di.x^'^di.vo = 
bfyo, respectively. Write x^^~^^^di.vo = div^^+ea- Lemma [3.21 says a\ = b\ = d\. Changing 
the sign of Vjej+fcea foi^ j^k £ Z if necessary, we can take ai = bi = di; equivalently, we get 
{0 / Vje^+kea ^ ^jsi+kez I J, ^ £ Z] such that 

x^'^'^di-Vj^^j^k^^ = ai?;(j±i)e2+fc£3, (3-43) 
x^^^'di-Vjei+kez = ai?;j£2+(fc±i)e3, (3.44) 
x^^''^''di.Vje2+ke3 = aiW(j-+i)£2+(fc+i)£3, (3.45) 

X^^^d2.Vje2+ks3 = (02 + je2(52))Vje2+(fc±l)e3' (3-46) 
X^^'^d^.Vje.2+ke3 = (03 + fe3(53))^^0■±l)e2+fce3' (3-47) 

where 02 and 03 are constants determined by x^''^d2-VQ = a2f£3 and x^'^d-^.v^ = a^v^^. 

Step 2. Elements {vii.^j^ke3-,Viei+je2 I hj-,k G Z} and action of the set X (c.f. ()3.40p ). 

According to (|3.43p and ()3.44p . x^^'^di-Vj^^j^^^.^ / and x^^'-^di.Vj^^j^ke-j, / for any j, k £ Z. 
By another proper translation of the indices, we may assume that 

02 + ^£2(92) / for lil < 1 and 03 + ^3(^3) / for \k\ < 1. (3.48) 

Then we consider applying Lemma [3^2] to the action of X on the subspaces 0^ Mj^j+fc^g and 
®i jez ^i£i+j£2- First it can be deduced from (I3.48P that 

x-''-'d2.x''-'d2.vo = alvo + and x'^^dz-x'^^dz-VQ = a\vQ ^ 0. (3.49) 

Next we need the following claim. 

Claim 1. x~^^d2-x^^d2-Vo ^ and x~'^^d3.x^^d3.VQ ^ 0. 

We only give the proof of x^'^^d2-x^^d2-Vo ^ 0. Inequality x'^^d^.x^^ds.VQ ^ can be 
similarly proved. 

Firstly, we want to prove x^^d2-VQ ^ 0. Assume x^^d2-V() = and then we will see this leads 
to a contradiction. Since 02 7^ 0, we have 

x^^d2-V£^ = —x^^d2-x^^d2-vo = —x^^d2-x^^d2-vo = 0, (3.50) 
a2 a2 



which further imphes 

x'^+''^d2.V0 = -4^[x'^dl,x''d2].V0 = '^x''d2.Ve, = 0. (3.51) 

ei{di) ei{di) 
If x~^^ds.vo = 0, it can be derived 

1 

£3(^3) 

which is absurd. Consider x'^^^d^-Vo ^ 0. Since 



/ a2V,^ = x''d2.vo = ^jT^[x-'^d3,x''+''-'d2].vo = 0, (3.52) 



x'^d2.{x-'^d3.VQ) = x-'^d3.x'^d2.vo = 0, (3.53) 
we obtain x^^d2-W-si = 0, which further implies 

X''-'d2.{x''d2.W.e,+e,) = x'^ d2.ix~''' d2.W.,,+e,) = 0. (3.54) 

As x~'^^d2-Vir^ = 02^0 7^ 0, p.54p leads to x^^d2-W-ei+e3 = 0. Then 

x^'+'''^d2.w^si = — 7^[a;^^9i,x^i52].'u;-£i = ^—x''^d2.{x^^di.w-i;^) = 0. (3.55) 

ei[oi) £i[oi) 

From p.5ip and (13.55p . it can be deduced 

/ a2Ve, = x''d2.vo = -4^[x-''d3,x''+'^d2].vo = 0, (3.56) 

which leads to a contradiction. Hence we have 

x''d2.vo^O. (3.57) 

Secondly, we want to prove x~'^^d2-W£-^ ^ 0. Suppose x~'^^d2-W£-^ = 0. Then we will get a 
contradiction. Note 

x-''d2.{x-''d2-ws,+s,) = x-''d2.{x-''d2.We,+£.^) = (3.58) 

and x~^'^d2-Ve^ = 02^0 7^ 0. We therefore get x~^^(92-'u^ei+e3 = 0. If x~^^d2-vo = 0, we derive 

a2Ve, = x'^d2.vo = ,^ I ,^, [x''+''{£i{di)d3 - £3(93)91), x-^^a2].^o = 0, (3.59) 

which is a contradiction. On the other hand, we assume x~^^d2-Vo ^ 0. Since x^^^d2-W£^ = 
leads to 

x^^d3.{x-''^d2.vo) = x-^'d2.ix^'d3.vo) = 0, (3.60) 
we get x'^^d3.W-£-^ = 0. Since 

X~^^d2-X~^^d2-Vsg = X~'^^d2-X~^^d2-Ve-i = a2X~'^^d2-VQ / 0, (3.61) 

we obtain x~^^d2-Ve3 7^ 0. By x^^^(92-'W£i+£3 = mentioned above, we get 

x^'d3.{x-^'d2.ves) = x-^'d2.{x^'d3.ve.,) = 0, (3.62) 

which implies x^'^d3.w^£^j^e-i, = 0. Then we have 

Q^e3{d3)£i{di)x''d2.vo = [[x'^di,x''d3lx-'^d2].vo 

= x^^di.x^^d3.{x^^^d2.VQ) — x'^^d3.{x^^di.x~^^d2-VQ) 

-x~''^d2.{[x''^di,x''^d3\.VQ) = 0, (3.63) 



which is a contradiction. So we must have 



x"^i(92.ii'£i + 0. (3.64) 

In summary, (13.570 and (13.640 give x~'^'^d2-x'^^d2-VQ ^ 0. Symmetrically, considering the 
action of x^^'^d\^ x^^'^d^, x^^^d2 and x^^^d^ on the subspace 0^^^^ Mjg-^+jej, we can similarly 
prove x~^^ d^.x^^ d^.VQ ^ 0. Hence Claim 1 holds. 



Now we can apply Lemma [3.21 to the action of X on the subspaces 0^ Mj£-^4.fce3 and 

Observe that Claim 1 and (|3.49p give x^'^'^d2-x'^^d2-VQ / and x~^^ d2-x'^^ d2-VQ ^ 0. Take 
{vke-j. I A; G Z} as they were in Step 1. Then Lemma [ST^ enables us to choose {0 / Vi^-^j^ke-j. ^ 
Mj£j_|_fc£3 \ i, k £ Z, i ^ 0} such that 

X^^''d2.Vie,+ke3 = a2t^{j±l)ei+fce3 ' X^^^d2.Vis,+k£3 = 0'2Vie-, + {k±l)s3 (3-65) 

for i,k gT,. Write x'^^~^'^^d2-Vo = d2Vsi+e3 and x^^ds.vo = hve-^. Lemma [3^2] gives that 

X^i+^a^a-^^iei+fces = f^2^^{i+l)£i+(fc+l)e3' (3-66) 

x^^^^i.Vjei+fcea = (ai + iei(9i)^)t;i£^+(fc±i)(.3 (3.67) 

and 

-I- ^2 

X '^'Sa.'yisi+fceg = (6 + ^3(53)— )t;(j±i)^^+fce3 (3-68) 

(12 

for i,k £ X. Moreover, we have = (i^- 

Note that Claim 1 and ifOO]) show x'^^ds-x^^ds-Vo ^ and x-''253.x''253.7;o ^ 0. Take 
{^j£2 I i S ^} {tije^^ I i G Z\{0}} as they were in Step 1 and (j3.65p . respectively. Then 
Lemma [32] says that there exist {0 7^ Wje-^+jej ^ ^isi+je2 \ hj ^ ^\{0}} such that 

X^^^d3.Viei+je2 = ^^±l)£l+j£2 , X^^"^ ds.Vie-,+je2 = a3Vi^^+(^j±i)^^ (3.69) 

for i,j £ Z. Writing x'^^'^^^d^.vo = dsVe-^+i;^, we have 

X^^~^''^d3.Vis^+js2 = d3^^{i+l)ei+{i+l)£2' (3-70) 

X """di-Vie^+je^ = {ai+iei{di) — )vi^^+(^j±i)^^, (3.71) 

. ^3 

X ^i52.Vi£i+j£2 = (02 + je2(92)— )^^(i±i)£i+i£2 (3-72) 
for i,j € Tj again by Lemma 13.21 Moreover, a| = 6^ = 

Among the constants 02, d2, 03, 6 and ^3, we have the following relations. 
Claim 2. a2 = d2 and = b = d^. 

Let i be a nonzero integer such that ai + iei{di)^ 7^ and ai + iei{di)^ 7^ 0. From (I3.67P 
and (j3.7ip we deduce 

x-'^di.x^'di.Vie, = (ai + isi{di)^fvie, + (3.73) 

02 

x-^-^dx.x'^dx.Vi,^ = (ai + iex{d{)'^fvi,, / 0. (3.74) 



and 



Then Lemma [32] implies {ai + iei{di)^f = {ai + iei{di)^f , which gives J = ^. Similarly, 
by (I336D, (13:72]) and Lemma [321 we find {a2+ je2{d2)f = (a2 + je2(52) J)^ for some j / 0, 
which implies 03 = ^3. 

Moreover, = d| indicates ^ = ±1. To prove the claim, it suffices to show ^ = 1. Suppose 
— = — 1, and then we will see this leads to a contradiction. 

Since ai + ei(5i) / or ai — ei{di) / 0, we may assume oi — ei{di) / 0; the other case can 
be proved similarly. By ()3.67p . (|3.7ip and the assumption ^ = ^ = — 1, we have 

x-'^di.x'^di.ve, = (fli - ei{di)fve, + 0, (3.75) 

x-'^dx.x'^dx.v,^ = (ai - eiidi)fve, + 0. (3.76) 

Take {v^^^\^^.^ \ k £ and {u^-^+jej | j G Z} as they were in (|3.65|) and (|3.69|) . respectively. 
According to Lemma [321 we can choose {0 / t^e-^+jej+fces ^ ^ei+i£2+fc£3 I J)^ ^ ^\{0}} such 
that 

X^''''di.Ve,+je2+ke3 = (oi " ^^1 (5l))f^£i + (j±l)£2+fce3 ' (3-77) 

x^^^s^i.Ve.+jga+feg = (ai - ei(ai))u£^+j£2+(fc±i)£3 (3.78) 
for J, A: G Z. Moreover, Lemma [221 (|3.65|) and (|3.69p give 

x'^^+'^^di.V^.+js^+kea = - ei(5l))t^ei + (j+l)e2 + (fc+l)e3' (^-^S) 

X=^^^a2.W£i+j£2+fc£3 = (02 + sje2(92))Vei+je2+(fc±l)e3' (3-80) 
X=^^253.W£,+j£2+fc£3 = {as + Ste3(53))l'ei+{j±l)e2+fce3 (^-^l) 

for j, k £ Z, where s G {1, —1} is to be specified. Substituting (I3.46p . (I3.72j) . (I3.80p and 03 = ^3 
into [x'^^d2, x'^^d2]-V£2 = 0, and making use of ()3.48p . we get 

X^'^d2.Ve2+e3 = (^2 + se2{d2))Ve-^+e2+e3- (3-82) 

Using ([336]), ([3772]) . ([OT]) . ([3:82]) and 03 = ^3 in [x''^d2,x-'''d2].Ve2+e3 = 0, we find 

(a2 + £2(92))' = (02 + se2(52))^ (3.83) 
which implies s = 1. Then ([331]), ([322]), ([3:78]) . ([3:82]) and 03 = ^3 give 

x''+''d2.V,, = -^[x'^dux''d2].Ve, = - (02 + £2 (^2) )f .1+.2+.3 • (3-84) 

By [x'^'^'^^^d2,x'^^di].vo = [x'^^d2,x'^^^'^'-^di].vo, we get 

0162(92) + a2ei(5i) = 0. (3.85) 
Applying it to [x^^'^d2, [x^'^d2,x^^di]].vo = e2{d2)x'^^di.VQ, we obtain 

a2ei(5i)e2(92) = 0, (3.86) 
which is absurd. So we must have — = 4r = 1, from which it follows 

02 = d2, as = b = ds- (3.87) 

Therefore Claim 2 holds. 

S'tep 5. Extension to {?;jej+je2+fce3 I ^jj,^ £ ^} ^'^'^ general action of X. 



In Step 1 and Step 2 we have properly chosen {uj-gg+fceg, fiei+fcss) '^jei+j£2 I hJ^f^ ^ ^} and 
determined part of the action of X (see (|3.43p ~ p.47p . (j3.65p - (|3.72p and Claim 2). Now we start 
to extend it to the general action of X. 

As dSSZI), (ISTTT) and Claim 2 show 

x-'^di.x'^^di.Vie, = (ai + iei{di))\ie, (3.88) 

and 

x-'''di.x'''di.Vie, = (ai + iei{di))\is„ (3.89) 
we can apply Lemma 13.21 to the action of x^^^f?i, a^^^^Ss, x^'^'^^di and x^^^(?2 on the subspaces 

Mie,+je2+k63 for i G Z\{0} such that oi + iei(9i) / 0. (3.90) 

Seeing that there exists at most one i G Z such that ai+iei (di) = 0, we denote it by i'. Obviously 
i' 7^ 0. Fix any i £ Z\{0,i'}. Then Lemma [3.21 enables us to choose {0 ^ Vis^+j£2+k£-i ^ 
Mjej+je2+fce3 | j, A: G ^\{0}} such that 

x^''^di.Vi^^+je2+ke-i = (ai + «ei(9i))t'i£i+(j±i)£2+fce3, (3.91) 

X^''''di.Vie^+je2+kes = (oi + iei{dl))Vie^+je2+{k±l)e3 (^'Q^) 
for j,k G Z. Lemma 13.21 further implies 

X^^^''^di.Vie^+je2+ke3 = Si{ai + i^i (9i))t;ie^ + (j+i)£2 + (fe+l)e3 , (3.93) 
X=^''^(92.l'i£i+je2+A:£3 = (^2 + Si ^£2 (52))Wi£i+j£2+(fc±i)£3 , (3.94) 

a^^^'^S-l'iei+iea+fces = (^3 + Sj^^S (93))Wie, + (j±i)£2+fc£3 (3-95) 
for J, A; G Z, where Sj G {1, —1} is to be determined. 

Set So = 1- Then (f3:i3]) - ([3:i71 l coincide with ^^-1^^. 

If i' does not exist, p.9ip - ()3.95p together with p.43p - ()3.47p show the general action of 
x^'^^di, x^^^^s, x^'^^di and x^^^c?2- To complete this step, we only need to determine Sj for 
i G Z\{0} and to specify the general action of x^^^d2 and x^^^d'j,. 

Hi' does exist, except for determining Sj for i G Z\{0, i'}, we need to determine {tJj/ej+jej+feea I 
j,k G Z\{0}} and to specify the action of x^^'^di, x^'^^d^, x^'^^di and x^^^(92 on the subspace 
©j fcez ^j'£i+je2+fce3- Moreover, the general action of x^'^^d2 and x^^^c^a needs to be determined. 

We give the details in the following. 

Case 1. i! does not exist. 

To begin with, we want to determine Sj for i G Z\{0}. Let p be any fixed integer. Applying 
(^7I2\\ and (KM^ to [x^^d2,x''''d2].Vpe-,+s2 = 0, we have 

sir. (a2 + g2(g2))(Q2 + Sp+ie2{d2)) , . 

X ^d2.Vps,+s^+s, = ^ (f,\ V(p+l)ei+e2+e3- (3-96) 

02 + Spe2{02) 

Moreover, substituting I[3l2\i . ([STMP and UiSMh into [x''^d2,x-'^^d2] 

•^pei+£2+£3 ~ 0, and making 

use of (j3.48p . we obtain 

(a2 + Spe2(92))' = (a2 + Sp+^e2{d2)f, (3.97) 
which implies Sp = Sp^i. Since ^ G Z is arbitrary and sq = 1, induction shows 

Si = 1 for all i G Z. (3.98) 



So ([3:9T]) - ([3:95D together with (fOSD - IIOTl ) show 

X^^^di.Viei+je2+ke3 = i^l + iei jei + (j±l)£2+fc£3 ' (3-99) 

x^''^di.Vi,^+js2+ks3 = {ai + iei(9i))wi£i+j£2+(fc±i)£3, (3.100) 

X^^''d2.Viei+je2+ke3 = {0'2 + je2{d2))Vie^+je2 + {k±l)s3^ (3.101) 
a^^^'^S-^iei+jea+feeg = ("3 + ke3{d3))Vi^^ + (^j±i)^^+ke3 (3.102) 

for k £ Z. 

Next we want to derive the general action of x^^^92 and x^'^^d^. 

We first consider determining the action of x^^^d2- Recall that (|3.72p and Claim 2 give 

X^^''d2.Vie^+je2 = {a2 + j^2{d2))v(^i±i)e^+je2 for i,j G Z. (3.103) 

Since 

X^^^d2.X^''''d2.Vis-,+je2+ke3 = X^'''' d2.X^''^ d2.Vi^-,+je2+ke3, (3.104) 

equation (jS.lOip and induction on k lead to 

X^''^d2.Vis^+je2+ke3 = («2 + je2(92))w(i±l)ei+j£2+fc£3 (3.105) 

for i,k £ Z and j G Z such that a2 + j£2{d2) 7^ 0. As there exists at most one j G Z such that 
02 +^£2(^2) = 0, we denote it by j' . If / exists, then ()3.10ip implies 

X^''^d2.Vi^^+j'e2+ke3 = ^ /a ] , J a;"^'^!, [x^^^d2„x''''d2]].Vie^+j>e2+ke3 = (3.106) 

for i,k £ which coincides with ()3.105p . So no matter such j' exists or not, we have 

X^''^d2.Vis-,+je2+ke3 = (^2 + ^£2 (52))V(j±l)£i+j£2+fc£3 fo^ ^'^'^ ^ (3.107) 

It holds similarly that 

x^^^ds.Vis-,+je2+ke3 = («3 + kes{^3))v^i^l^^^_^_j^^+ks3 for hJ, k £ Z. (3.108) 

To sum up, (I3:99D - (I3.1U2D together with (13.1071) and (|3.108l) show the action of X on M. 
Define jj, £ D* hy fJ-{di) = ai, fi{d2) = 02 and 1^(83) = 03. Then we can write the action of X 
uniformly by 

X^d.Vis-,+js2+ke3 = {^J' + + j^2 + ke3){d)Vie^+je2+ke3+e (3.109) 

for i, j, k £ Z, e £ {±ei, ±£2, ±£3} and d £ ker e fl {di, 82, 83}. Since X generates S{T, D) (c.f. 
([330])), from (f3309]l we deduce 

M ~ (3.110) 

Case 2. i' does exist. 

Recall that j' denotes the possible integer satisfying 02 +i'e2(f^2) = 0. Likewise, we denote 
by k' the possible integer satisfying 03 + ^'£3(93) = 0. 

Firstly, we want to determine Si for i £ Z\{0, i'} and obtain: 

1) the action of x^'^'^ 81, x^^^ 83, x^^^^Si and x^^^82 on ®ij^keZ;i=ii' ^i£i+j£2+k63, 

2) the action oi x^^82 and 2:^193 on ®ij^keZ;i^i',i'-i ^iei+je2+k£3^ 



3) the action of x "^82 and x "^83 on 0^^- fcez;i7^j',j'+i ^iei+je2+fce3- 

Since (|3.96|) and (|3.97|) also hold for p G i' — 1} in this case, we have Sp = Sp+i for 

p G i' — 1}. Moreover, we shall show = Sj'+i. As (|3.7ip . (|3.72p and Claim 2 indicate 

X^^'82.Vie,+je2 = 4g2 (g^)g^ (g^^ [^^'^2, [x^' 82, x'^ 81]], X~'^ 8i].Vie,+je2 

= {a2 + je2{82))v(^i^2)ei+je2 forz,iGZ, (3.111) 
applying it and p.94p to [x^^^52, x^3(92]-^^(i'-i)£i+e2 = get 

2£io (02 + £2(g2))(Q2 + 8^+162(82)) /qiioN 

X 0'2.t;(i'_i)ei+e2+£3 = — — —TjT- V(i/+i)£^+e2+e3. (3.112) 

«2 + Si/-iS2[02) 

Then inserting (|3.94p . ()3.11ip and (j3.112p into [x^^^(92, a;~'^^52].t'(j/_i)£-^+e2+e3 = 0, and making 
use of (13.48p . we obtain 

{a2 + se^ie2{82)f = (02 + se+ie2{82)f, (3.113) 
which implies = Sj'+i. Thus this and Sp = Sp+i for p £ , i' — 1} indicate 

Si = So = 1 for i G (3.114) 
So (l3M]) ~ (f3:95] ) together with (fMjl - flH:!?! ) show 

X^''''dl-Viei+je2+ke3 = (^1 + iSl (5i))t;j£^ + (j±i)£2+fce3 , (3.115) 

X^''''8i.Vie^+je2+ke3 = («! + ^^l (^l))^^i£i+i£2+(fc±l)£3 ' (3.116) 
3;=^''3g2.fi£i+je2+fc£3 = (02 + je2(<92))Vjei+je2 + (fc±l)£3, (3.117) 
a^^^'^s.Uiei+jej+fees = ("3 + ^3 (93))^'iei + (j±l)£2+fce3 (3.118) 

for z, j, k G 7j with i 7^ z'. 

Similar arguments as those from (|3.1U3p to (j3.1U8p show 

X^^82.Vie^+js2+ke3 = (02 + j£2 (92))t'{i+l)Ei+je2+A:e3 G Z, i 7^ - 1, (3.119) 

X^''83.Vis,+je2+ke3 = {^3 + ^3 (53))l'(i+l)£i+je2+fee3 ^'^'^ G Z, i 7^ - 1, (3.120) 

X~'''-82.Vie^+je2+ke3 = (^2 + ie2 (92))f (j_l)£i+je2+fee3 for i,j,k G Z, i / + 1, (3.121) 

X~^^83.Vie^+je2+k6s = (^3 + fe3(53))t'(i-l)ei+j£2+fce3 fo^ ^'^'^ G Z, i 7^ + 1. (3.122) 

Secondly, we want to define {vi's-i^+je2+ke3 I j S Z\{0,j'},A; G Z\{0}}, and derive 

1) the action of x^^^^i and x^''^82 on Mi' 

ei+j£2+ke3i 

2) the action of x''^82 and x^i^s on 0^. ^g^.^y^-, M(i/_i)£^+j£2+fc^3, 

3) the action of x~'^^82 and x'^^c^s on 0^. ^..^^.^y^-, Mj/£j+j£2+fce3, 

4) the action of x^^^i and x^^83 on 0j,fcgZ;jyi',j'-i ^i'£i+je2+fee3) 

5) the action of x'^'Wi and x'^^^s on 0^- ^i'£i+je2+fce3- 

To define the u's, we first need to prove x^i92.V(j'_i)£-^+j£2+A:E3 7^ ^ for j, /c G Z with j 7^ j'. 
Fix any j G Z\{j'}. From (|3.72p and Claim 2 we know that 

X^i(92-V(i/„i)e,+j£2 = (.a2+je2{82))Vi:ei+je2 / 0. (3.123) 



Since (|3.117p leads to 

= (a2 +je2(92))x^ia2.V(i/_i)ei+j£2+fc£3, (3.124) 
we have x^'^d2-V(i'^i)£-^+j£2+k£i / for A; G Z by (I3.123P and induction on k. So we get 

x^^d2.v^i,_i)s^+js^+ks-s / for j, k£Z, j ^ j' . (3.125) 
Now we can define {vi'^^+j^^+ke^ I j ^ '^\{0,j'},k G Z\{0}} by 

X^i(92.V(j'-l)ei+je2+fee3 = (^2 + je2 (52))wi'ei+je2+fc£3 ■ (3.126) 

This together with ()3.65p and (|3.72p indicate 

X^i52.t;(j/_i)£i+je2+A:e3 = ("2 + je2{d2))Vi'si+js2+ks:i for j, k € Z, j ^ f . (3.127) 

Next we shall derive the other action in l)-5). 
From applying (j3.117p and (I3.127p to 

X^^3Q2-2;^'52.t;(i/_i)^j+je2+fc£3 = X^ia2.X=^^352-^^{i'-l)ei+je2+fe3' (3.128) 

it can be immediately deduced 

X^'^'^d2-Vi'sj^+jS2+kE3 = (fl2 + j^2{d2))Vi'£-^+je2+{k±l)e3 

foi j,keZ,j^j'. (3.129) 
Recall that (|3.72p and Claim 2 give x~^i92-'yi'ei+je2 — + j£2{d2))v(i'-i)£i+j£2- Since 

X^^^(92-X=^^^92-?^i'£i+i£2+fe£3 = X^'''-'d2.X'''^d2.Vi'ei+js2+ke3> (3.130) 

we get 

X '^^d2-Vi'ej^+jE2+ke3 = (^2 + 7^2 (c^2))'y{i'-l)£i+j£2+fc£3 

for j,keZ,j^j' (3.131) 

by (|3.117l] . (|3.129D and induction on k. 
As (fXTTUIl and (fXTTni) show 

X^i+^«a2.i;(i'^2)£i+je2+fc£3 = J^^[x'^di,x'^d2].V(^i,_2)e^+je2+ke3 

= (a2 + je2(52))U(i'_i)ei+je2+{fc+l)e3 (3.132) 

for j,k G Z, using it and ()3.119p . ()3.127p in [x^i+'^^52, x^i52].U(i'_2)£i+j£2+fc£3 ~ we get 

x^i+^352-';^(i'-i)ei+j£2+fce3 = (02 + je2(92))vi'ei+j£2+(fc+i)e3 for i,^ G i / j'- (3.133) 
Inserting (|3ll6]) . UjSJTl^f and (|3l33]) into 

[x^^'Si, 2:^192] •W(i'-l)ei+ie2+fce3 = ^1 (5l)a:^^''^^^^2-^'(i'-l)ei+i£2+fc£3 (3.134) 

and 

[a;"^^'^!, j;^i+^^92].?;(j/_i)£^+j^2+(fc_i)£3 = ei{di)x''^d2.V(i,_i)^^+j^2Mk-'^)^3 (3.135) 
respectively, we have 

X^''^di.Vi>^^+j^2+ke3 = (ai + ^'ei(5l))^^j'ei+i£2+(fc±l)e3 = ^ fo^ k G Z, j ^ f . (3.136) 



From p.69p and Claim 2 we see that d^.v^^^i = a^Vi'i^-^^j^^ for j G Z. Inserting 
(fXTTTD . (i3J29]l and (f3l^ into 

we find 

x^i(93.'t;(j/_i)e^+j£2+fe£3 = (03 + te3(53))^^i'ei+j£2+fc£3 J> keZ, j j' (3.138) 

by induction on k. 

Applying (l3TT7]l . (I3J22D . (f3l^ and (I3J33D to 

[x-^i(93,x^i+^3a2].f(i'_i)e,+je2+(fc_i)s3 = e3(53)2;^'92.t;(j/_i)ei+js2+(fc_i)e3, (3.139) 

we obtain 

X"''i53.'t;i/ei+js2+fc£3 = (03 + A;e3(93))w(i'-l)ei+je2+fce3 k^Z, j ^ j'. (3.140) 
Using (i3J36]) in 

x^^25i.z;j/s,+j<.2+fce3 = ±— ^^^-^[[x^^253,x^='92],2;-''3Qi].Uj/e^+je2+fc£3' (3.141) 
we have 

x'^^di.Vi^^^+ji.^j^ke-i = = (ai + i'ei(9i))t;i/£j+(j+i)£2+fc£3 for j, k £ Z, j ^ - 1, (3.142) 

a;"^'9i-^^j'£i+je2+fce3 = = (ai + i'ei(5i))uj/ej+(j+i)£2+fc£3 for j, k gZ, j ^ + 1. (3.143) 
From using p.llSp and (|3.138p in 

X^^2Q3.X^ia3.t;(i/_i)s^+j-£2+fe£3 = X^'d3.X^''^d3.V{i,_i)^^+j^^+ke3, (3.144) 

it can be deduced 

x^^d3.Vifsi+js2+ks3 = (03 + A;e3(a3))wj/e^+(j+i)£2+fce3 for j G -1}, k€ Z\{k'}, (3.145) 

x"^253.7;i/£,+je2+fc£3 = (a3 + fc£3(53))wi/ej+(j_i)e2+fc£3 for j G Z\{j',j' + l}, k G (3.146) 
On the other hand, from applying (|3.129p . (|3.145D and (|3.146l) to 

X^^'^ds.Ves^+jsi+k'ea = ^7^[k'^^'53,2;^'92],2;~^352]-Wi'ei+i£2+fc'e3' (3.147) 

£2(^2) 

it can be derived 

X^^ds.Vi^si+jei+k'ea = = (03 + A;'e3(53))Wi'£i + (j+l)£2+A;'£3 j ^ ^\{/,/ " 1}, (3.148) 

x~^''d^.Viie^+je2+k'e3 = = (03 + k' e:i{d^))vi,^^+(j_i)i,^^k,^^ for j G j' + 1}, (3.149) 
which coincide with ()3.145p and (j3.146p . respectively. 

Thirdly, under the condition that j' does exist, we define {vj'g-^+j'ej+fcEg I k G Z\{0,A;'}}, and 
determine 

1) the action of x^i(92 and x^^^s on 0fcg2;\{fc'} ^(i'-i)ei+j'e2+fc£3' 

2) the action of x-^i52 and x'^'^dz on 0fcga\{fc/} Mj/£j+j/e2+fc£3, 



3) the action of x'^^di and x^^^s on ®kez\{k'} ^i'£i+je2+fce3 i = f^f " 1' 

4) the action of x^^^i and x'^^da on 0fcga\{fc/} Mii^^+j^^+kes i = + 1, 

5) the action of x^^^i and x^^d2 on ®k€Z\{k',k'~i}^i'si+j'e2+ks3, 

6) the action of x~^»9i and x~''^d2 on 0fcez\{fc/,fc'+i} ^^i'ei+i'e2+fce3- 
If j' does not exist, this part can be skipped. 

Under the condition that j' exists, we want to define f j'e^+j'gj+fceg for k G Z\{0,A;'}. As 
([3118]) and (I3J38]) show 

a;"^2^3.x^i93.V(i/_i)£^+j/£2+fc£3 = x^i53.x"^253.t;(j/_i)£j+j/£2+fc^3 / for A; G (3.150) 

we have 

x^i93.f(i'_i)£-^+jV£2+fce3 7^ for k £ Z\{k'}. (3.151) 
So we can define Vj/g^+j'^j+fegg's by 

x^i53.U(i/_i)j^+j/g2+fc£3 = (a3 + ke3{d3))vi>^-^+j>^2+ke3 foi" ^ £ k'}. (3.152) 

This and (|3.69|) together with Claim 2 show 

2;'''(93.7;(i/„i)£^+j/g2+fcg3 = (03 + te3(a3))t;i/ei+jV£2+fcg3 for k G Z\{A;'}. (3.153) 

Next we shall derive the action of the other elements. 
Applying (ISHSll . (I3J38D and (i3J53]l to 

x^''253.x^i(93.V(j/_i)<,j+j£2+fce3 = x^ia3.x=^^253.t;(j/_i)e^+je2+fce3, (3.154) 

we obtain 

x^^d3.Vi'si+je2+k63 = (^3 + A;e3((93))t>i/e^+(j+i)£2+fce3 ^ - 1}, G (3.155) 

2; '^^d3.Vi^si+je2+ke3 = (^3 + ^^3 (c^3))'yi'ei + (j-l)£2+A:e3 

for i G Z\{j', / + 1}, A: G (3.156) 

From using (f3ll8]l . (l3T10]l and (f3l55D in 

x~^i53.x^253.7;j/e^+(jv_i)g2+fc£3 = x^2 53.x~^ia3.t;i/e^+(j/_i)^2+fcj3, (3.157) 
it can be deduced 

X~^'^d3.Vi'e-^+j'e2+ke3 = (^3 + ^3 (53))^'{i'-l)ei+j'e2+fce3 for A: G Z\{A;'}. (3.158) 

Since (|3.115h and (I3.12()p indicate 

x''^'^d3.V(^i'-2)s^+je2+ke3 = I^^'^l ' ^^'^3] •?^(i'-2)ei+ie2+te3 

= (a3 + A;e3(93))v(i/_i)e^+(j+i)e2+fe3 (3.159) 
for j, keZ, applying it and (f3l20]l . (I3J38|) . (IXT53]) to 

x''i+^2^3.X^i(93.'t;(j/_2)ei+j£2+fc£3 = X^ia3.X^l+^203.7;(i/_2)ei+je2+te3' (3.160) 

we can derive 

x''i+^253.i;(i/„i)^^+j-£2+fc£3 = (03 + /ce3(93))uj,<,^+(j+i)£2+fce3 fo^ j,keZ,k^ k' . (3.161) 



Then using (I3ll8]) . (|3J271) . (I3l^ and (IXTeTT) in 

[x^^92,X^2 53].U(i/_l)e^ + (j/_i)£2+fc£3 = ^2{d2)x''^^^^d3.V(i>_i)e-,+{j'-l)e2+ke3^ (3.162) 

we get 

X^'52.W(i/_l)ei+j/£2+A:£3 = (^2 + /e2(52))f j'ei+j'ea+fces =0 for A: G (3.163) 

Moreover, using ([3T18D . (f3l^ . (l3J59]l and (fXTeTT) in 

[x~^l(92,X^i+^2^3].V(i/_l)£^+(j/_i)^2+fc£3 = e2(52)x^2^3.V(i/_i)£^ + (j/_i)£2+fc£3' (3.164) 

we obtain 

X~''^d2.Viiei+j'e2+ke3 = (^2 + /e2(<92))f (i'_l)ei+j'£2+fee3 =0 for A; € Z\{k'}. (3.165) 
From inserting (ISHKIl . (I3l38]l . (l3J53]l and (IXTHTD into 

[x^2a^^a;^i53].y^.,__^^^^^^.^^^^^^ = ei(ai)x^i+^2g3.U(i/_i)£^+j£2+fc^3, (3.166) 

[3;-^2^i,x^i+^2^3].U(i/_i)^^+j^2+fc^3 = ei((9i)x^ia3.'t;(i/_i)^^+j£2+fc^3, (3.167) 
it can be respectively deduced 

X^^di.Vifei+js2+ke3 = (ai + i'^l{dl))Vi'ei + ij+l)e2+ke3 = fo^ J ^ " 1}) ^ / (3.168) 

2;"^2^i.'t;i/j^+jj2+fcj3 = (ai + /ei((9i))ui/ej+(j_i)e2+fce3 = for j E {/, / + 1}, A; / k' . (3.169) 
Substituting dSHZ]), (f3J53]l and (I3l58]) into 

[X"^i(93, [x^'53,X^''3 52]].V(i/_i)£i+j'£2+fce3 = 4i93)x^^^ d2.V(i> _i)s^+j>s^+ke3^ (3.170) 

we get 

x^''d2.Vi'si+j'e2+ke3 = = (02 + /e2(<92))ui/£^+j/e2+(fc+i)j3 for A; G Z\{A;', A;' - 1}, (3.171) 

X~'''-'d2.Vi>s-,+j'e2+ke3 = = (02 + j' e2{d2))Vi:ei+j'e2 + {k-l)s3 fo^ ^ ^ Z\{A;', A;' + 1}. (3.172) 
Applying (l3J36]l . (I3J55D and (l3J56]l to 

[x"^2^3, [x^2a3,x^^3ai]].Ui/j^+(j/_i)^2+fc^3 = el{d3)x^''-'di.Vi,^^+(^j,^^^^+ks3^ (3.173) 
we obtain 

x^''di.Vi'e-^+j'e2+ke3 = = (oi + i' ei{di))vi'^^+f^2+{k+^)e3 fo^ ^ ^ Z\{A;', A;' - 1}, (3.174) 

x~''^di.Vi:si+j'e2+ke3 = = (oi + i'ei(5i))uj/j^+j/£2+(fc_i)j3 for k £ Z\{k' , k' + 1}. (3.175) 

Fourthly, we want to derive 

1) the action of x^^d2 and x^i^s on 0(j',fc')^(j,A:)ez2 Aii'£i+je2+A:£3' 

2) the action of x-^ia2 and x'^^dj, on 0(j',fc')^(j- fc)6z2 ^(i'+i)£i+j£2+fee3- 
Taking i = z' + 1 in (j3.115p - (|3.118p . we have 

a^^^'^l-^^{i'+l)ei+je2+fe3 = ei(^l)^{i'+l)ei+je2+{fc±l)£3' (3.176) 



^'^^^f^l-^(j'+l)ei+i£2+fce3 = £l(f^l)^(j' + l)ei+(i±l)e2+A:£3' (3.177) 

X^''3 92.W(i/+i)e,+j£2+fe3 = (a2 + je2(<92))v(i'+l)ei+j£2+(fc±l)e3' (3.178) 

3;'^^^C^3-'*^(j'+l)ei+je2+fce3 = ("3 + te3(93))i;(j/+i)ej+(j±i)e2+fc£3 (3.179) 

for j, k £ "Z. 

Recall that (j3.72p and Claim 2 give x^i52.t'j'ei+je2 = ('^2 + i£2(92))t'(j'+i)ei+je2 j ^ ^■ 
Since 

X^i52.X=^''3a2.Ui'£i+j£2+fe£3 = X^'''^d2.x''^d2.Vi:ei+je2+ks3^ (3.180) 

we obtain 

X^'^d2.Vi^ei+je2+ke3 = {a2 + 7^2 (^2))^ (i'+l)£i+j£2+fc£3 for j, k e Z, j ^ j' (3.181) 

by (I3.129P . (|3.178p and induction on k. On the other hand, since (|3.155p . (|3.156p . (|3.179p and 
(l3l8T]) lead to 

= [x'''''d3,[x^''d3,x''^d2]].Veei+j's2+ke3 

= x'''^d3.x''^d3.x''^d2.Vi'ei+j'e2+kE3 + x"^ d2.x''^ d^.x'^'^ d^.Vii ei+j'e2+ke3 (3.182) 

for k G we find 

x''^d2.Viiei+j'e2+ke3 = = (02 + j'e2 (52))l'{i'+l)ei+j'e2+fce3 ^ ^ (3.183) 

by dnSHD, (f3l36]l and (I3T79]) . 

Similarly, in analogy with p.lSip . we get 

X~^i52.t;(i/+i)ei+je2+fce3 = (^2 + je2 («92))Vi'ei+je2+fce3 ^ G ^, J / /■ (3.184) 

By the fact [x'^'^d^, [x-''^d2,x''^d3]].V(^i,+i)^^+j,^^+k^^ = 0, we derive 

a;"^'92-t'{i'+l)ei+j'e2+fce3 = = (02 + j'e2(52))l'i'ei+j'e2+fc£3 ^ ^ I\{k'] . (3.185) 

Recall that (|3.68p and Claim 2 give x^^Sa.Uj/e-^+fcgg = (03 + te3(<93))u(j'_(_i)£-^+fc£3 for k £ Z. 
Since 

x^i(93.x=^''253.?;i/£i+je2+fce3 = a;=^^2(93-a;^'«93.Ui/e,+j£2+fc£3' (3.186) 

we obtain 

x^i(93.i;i/e^+je2+fce3 = (°^3 + A;e3('93))t^(i'+i)ei+j£2+fce3 j,k eZ,k^ k' (3.187) 

by (I3145D . dHM]), (IXT55]1 . (IXTMD . (l3Tf9D and induction on j. Since (IXT29]l . (l3Tf8]> and 
([31^ lead to 

= [x~^^d2,[x^^d2,x'''-d3]].Vi'ei+js2+k'e3 

= X"^='52.X^3 92-2;^'93-^j'ei+je2+fc'e3 + X^'53.X^352.X"^='52.7;i'ei+je2+fe'e3 (3.188) 

for j G it can be deduced from (l3J29]l and (fHlTSD that 

x^ia3.t;i/ei+j£2+fc'£3 = = (03 + /c'e3((93))v(j/+i)ej+je2+fc'e3 for i S (3.189) 
Similarly, in analogy with (I3.187p . we get 

x"^ia3.7;(i/+i)e^+je2+fc£3 = (03 + ke3{d3))vi'si+j£2+k63 ^^r j,k eZ, ky^ k', (3.190) 



and by the fact [x ^^^82, [x ^^c^a, x^3 92]]-^(i'+i)ei+j£2+fc'e3 ~ ^' deduce 

X~^i(93.W(j/+l)ej+j£2+fc/£3 = = (03 + k's3{d3))Vi'si+je2+k'e-i for j G (3.191) 

Finally, we completely specify the action of X on M and give the conclusion of this case. 

By now, we have determined {vie-^+je2+k£-j, \ {i'^j'^k') / (hj^k) G Z^} in this case. Define 
e D* hy /u((9i) = ai, ^{82) = 02 and ^(Ss) = 03. Write Q = i'ei + j'e2 + k'e^ for short. 
Summing up the acting relations mentioned above, we can write them uniformly by 

x'd.v^ = i/3 + fi){8)vis+, (3.192) 

for e G {±£1, ±£2, ±£3}, 5 G ker e n {51,^2,53} and /3 G r\{C, C - e}- 

If j' or k' does not exist, i.e., C does not exist, then (I3.192p shows the general action of X. 
Since X generates S{r,D) (c.f. ()3.40p ). we deduce 

M ~ (3.193) 

If both / and k' exist, then C = —fi and we have a few acting relations left to be specified, 

say, 

how x'^8 act on and on M^„e for e G {±£1, ±£2, ±£3} and 8 G ker e Pi 02, 93}- (3.194) 

The action in (I3.194P is divided into three subcases. 

The first subcase is that x^8.Mq = {0} and x''8.VQ-e = for all e G {±£1, ±£2, ±£3} and 
8 G keren ^2, 93}. This and (|3.192p give the general action of X . Since X generates 5(r, D) 
(c.f. M)]) ). we deduce 

M ~ (3.195) 

The second subcase is that x^d.M^ 7^ {0} for some e G {±£1, ±£2, ±£3} and some 8 G 
ker e H 02,03}. Assume x^^di.M(^ ^ {0}; the other cases can be proved similarly. Pick a 
nonzero vector of M(^. Write 

x''''^8i.V(; = aiV(^+^^, x''^82.Vc_= a2Vc_+ei, X^^d3.V(; = a3V(;+e2 (3.196) 

with ai,a2,a3 G F, where ai / 0. 
By (IXT92]1 . we have 

x^3ai.(x-^3ai.t;^+e3) = ^-^^^^.(x^^^i.v^+ea) = for Z G {1,2}, (3.197) 

which implies 

x-''^8i.V(;+sa =0 for / G {1,2}. (3.198) 

Moreover, (j3.192l) yields 

x''di.{x^'^di.vt;^,,) = x^'^di.{x^-^8i.V(;^s2) = 0> (3.199) 

which shows 

x=^^'9i-1'Ct£2 = 0- (3.200) 

Since p.l98p leads to 

[x-''82, [x-'^8i,x''d3]].v^+,, = es{83)ei{di)x-'^82.v^+e, = 0, (3.201) 



from iKim and (fXTMjl we derive 



^ [x-''d2,[x-''di,x'^d3]].v^+es= 0. (3.202) 



Similarly, from 

[x''d2, [x~'-'di,x-''ds]].Vi;+ss = -e3id3)ei{di)x-'-'d2.v^+e, = (3.203) 
it can be deduced 

x'^d2.v<^-e^ = 0. (3.204) 

Since 

x'^'^di.vc; 

= 63(03)1(0.) ["""^^'^""^^'""^^""^ 

(aie3(93)e2(02)fc+e2 - x^^53.x"^='52.(x^^9i.f^) + x'^''^di.{x^'^d3.x~'^'^d2.Vt;)) 



e3(03)e2(02) 

and 



X'^di.{x^'^d3.v^^e2) = X^'^d3.{x'^di.V^^e,) = 0, 



we have 

X^''^d3.V(;^e2 = 0- 

Moreover, 

x'^^di-v^; = I [x~^'d3, [x~^''d2,x^^di]].Vt^ = aiw^_£3 / 

£:3{03)£2{02) 

and 

x-^^di.{x^''di.V(^_e3) = x^^di.{x-^'^di.V(^_e;) = for / G {1,2} 

indicate 

x^3(9i.t;^_£3 =0 for / G {1,2}. 

From 

[x^'^d3,[x-''di,x'^''d2]].vi^+e2 = ^e2{d2)ei{di)x~'^d3.v(^+e, = 
it can be derived 

X^''d3.V^^e,=Q- 

So we have 

x'^d.vc^-e = for all e G {itei, ±£2, ±£3} and d G ker e n {81,82,33}. 
Thereby we get 



^^'^^ e3(03)e2(02) 
X^'^^(?2.V(^ = ± 



"e3(03)ei(5i) 



e2(52)ei(5i) 
1 

''■''^""^r2(52)£i(5i) 



"^153, [x=^^^9l,X^i92]].Vc = a2Vc_±ei, 

x'^'^di, [x"^i93,x^3 92]].V( = a2Wc_£i, 
[x=^^i92,x^2 53]].i;^ = a3U(;±£,, 
x~''^d2, [x~^2gi,x^^93]].u^ = a3T;^_£2. 



3.205) 
3.206) 
3.207) 

3.208) 

3.209) 
3.210) 
3.211) 
3.212) 

3.213) 

3.214) 
3.215) 
3.216) 
3.217) 
3.218) 



Define -q e D* hy rj{di) = oi, r]{d2) = 0-2 and 77(93) = 03. Then we can write (|3.196p . (|3.205p . 
([3:208]) and (i3:2TiD ~ (l3:2T8D uniformly as 



X 



'd.V(^ = r]{d)vc_j^^ for all e G {±ei, ±£2, ±£3} and d G ker e n {i9i, 52, d^}- (3.219) 



Relations (13.213P and (13.219P show (I3.194p . So we have completely specified the general action 
oiX (c.f. (IXTU2|1 . (fSTM . (CTnU l. Since generates 5(r,D) (c.f. ([330])), we deduce 

M ~ £^f,^n ^ J^o,v (3.220) 

The third subcase is that 

x'd.M^ = {0} for ah e G {±ei, ±£2, ±£3} and 9 G ker e n {81,82, 83}, (3.221) 
while there exist some e' G {±£1, ±£2) ±£3} and 5' G ker e' n {(9i, (92, ^3} such that 

x^'a'.v^.,/ / 0. (3.222) 

Pick a nonzero vector of M^. Write 

x^^9i.i;^_e3 = a'lU,^, x'^^82.V(^-ei = a2VQ, x^'^8z.VQ-e^ = Ogf^ (3.223) 
with a'|, 02, 63 G F. Then we have 

X=^^^(92.WCTe3 = =t- 

x"^i(92.t'c+ei = 

x=^^i(93.t;c;^e, = ±— — — — [x"^2gi, [a;=^^'<92,a;^'<93]].t;f=f:ei = a'^vc^ 



£3(83 


)£2{82) 




1 


£3(83 


)£2{82) 




1 


£3(83 






1 


£3(83 


)£l(5l) 




1 


£2(82 






1 


£2(82 







(3.224) 




(3.225) 


«2^C' 


(3.226) 


«2^C' 


(3.227) 


«3^C' 


(3.228) 


«3^C- 


(3.229) 



'3-Vc+e2 

Define ?? G by 77(^1) = a'^, 7/(^2) = a'^ and 7/(^3) = a'3. Then we can write (fX^ - dH:^]) 
uniformly as 

x'^d.V(^_^ = r]{d)v^ for aU e G {±£1, ±£2, ±£3} and 8 G ker e n ^2, 93}. (3.230) 

Relations (13.22ip and (13.230p show (I3.194p . So we have completely specified the general action 
of X (c.f. ([3T92]) . i^MUl, (13:230]) ). Since X generates S{T,D) (c.f. dllQl)), we deduce 

M ~ ~ ^o.r,- (3.231) 

Thus we complete the proof of Lemma 3.3. □ 

Lemma 3.4 Suppose the conditions of Lemma 13.31 fail. Moreover, if there exists some G F 
such that 

x~^^8i.x^'^8i.Wy = and x~^^82-x'^^82-Wy = 0, 
or, x^^^82-x'^^82-Wy = and x~^^83.x^^83.Wy = 0, 
or, x^^^8i.x^^8i.w,y = and x^^^83.x^^83.w,y = 0, 

then M ~ ©ggr^^^' where each component is a trivial suhmodule ofS{T,D). 



Proof. Suppose there exists some v £T such that x~^^di.x^^di.Wi, = and x~^^d2-x^^d2-'w,j = 
0; the other cases can be proved similarly. By a translation of the indices if necessary, we may 
assume = 0. In other words, 

2;-^3 9i.x^3 5i.it;o = and x~^«92.x^^92.i(;o = 0. (3.232) 

Lemma l3. II then implies 

x~'^^ di.x'^^ di.Wke-^ = and x"'^'^ d2-x'^^ d2-Wke-^ = for € Z. (3.233) 
We begin with the following claim: 

Claim. x~^'^di.x'^'^di.WQ = 0. Moreover, either x'^^di.WQ = or x~^^d2-x'^^d2-We2 0- 

If x^^di.WQ = 0, this claim holds trivially. 

Suppose x^^di.WQ / 0. We proceed our proof in three cases. 

Case 1. x'^'^di.wo = 0. 

Since x'^'^di.wo 7^ and x'^^di.^x^'^di.wo) = x^^di.x^^di.wo = 0, we have x^^di.We^ = 0, 
which further implies 

x^^'^'^^di.wo = — ^—--\x'^^d3,x'^^di].wo 
£3(^3) 

^ {x'^ds.x'^di.wo-x^'di.ix'^ds.wo)) = 0. (3.234) 



£3(^3 
Thus 

x^^+^^di.x-''d2.wo = [x^^+''^di,x-''d2].wo = -e2{d2)x'^di.wo / 0, (3.235) 
which indicates 

x-'^d2.wo / and x'^+'^'di.W-e^ + 0. (3.236) 

Since (I3.232p shows 

x^^52.(x~^^(92-'Wo) = x~^^(92-x^^<92.ifo = 0, (3.237) 
we get x^''d2.w^e:i = by ([3:236]) . Then 

x^''d2.x^^dx.w-e^ = [x'^d2,x''^di].w-e3 = e2{d2)x'^^'^di.w-e3 + 0, (3.238) 

which implies x^'^d\.W-^^ / 0. 
If x^^Qi.W-eg = 0, then 

x^-^dxXx^-'dx.w-ez) = x^^di.x^^di.w-e^ = 0, (3.239) 
which leads to x'^^Si.u'gj-ea = 0. Thus 



x'^^^^^di-W-es = . [x''^d3,X^^di].W-e3 



£3(^3 

which contradicts (I3.236p . 

Assume x^^3i.w_£3 7^ 0. Then p.236p and x^^di.WQ = give 



^ {x''^d3.x''di.w-e, - x'^di.{x'^d3.w-e,)) = 0, (3.240) 



= x-^=^52.x^3 5i.u;o = x''-idi.{x-''^d2.wo) / 0, (3.241) 



which is a contradiction. 
Case 2. x'^^^di-WQ = 0. 

Replacing £3 by —£3 in the arguments of Case 1, we similarly get a contradiction. 
Case 3. x^'-^di.WQ / and x^^'-^di.WQ / 0. 
Equation (|3.232p shows 

x-''-'di.{x'''di.WQ) = x'''di.{x-'''di.WQ) = 0, (3.242) 

which indicates x~^^di.We-;^ = and x^^di.W-e^ = 0. 

If x^'^di .iW—eg 7^ 0, in analogy with Case 1, x^^di.W—^^ — leads to a contradiction 
If x'^^di.Wir^ 7^ 0, in analogy with Case 2, x~^'^di.W£^ = leads to a contradiction. 
Assume x'^^di.w±e^ = 0. Then we have 

x'^^di.{x'^'^di.WQ) = x'^^di.{x^^di.wo) = 0. 

Since x^^di.wo / 0, (I3.243P shows x^^di.We^ = 0, which further shows 

x^^di.{x~^'^di.W£2) = x~'^^di.x'^^di.W£2 = 0. 

Since x^^di.wo / 0, we get x~^'^di.W£2 = by p.244p . So we have 

x-'^di.x'^di.wo = 0, (3.245) 

which completes the proof of the first statement of the claim. Moreover, 

^ el{d2)x'^di.wo = [x^^di, [x-^'d2,x'^di]].wo = x^^d2.x-^'d2.x'^di.wo (3.246) 

gives 

x-^'d2.x^'d2.we2 / 0. (3.247) 

Thus this claim follows. 

By symmetry, we can similarly prove x~'^^d2-x'^^d2-Wo = 0. 

So we conclude that x~'^^di.x'^^di.wo = and x~'^^d2-x'^^ 82-100 = lead to 

x-'^di.x'^'di.wo = and x~'''d2.x'''d2.wo = 0. (3.248) 

On the other hand, as the conditions of Lemma 13.31 fail, we must have 

x-'^ds.x'^ds.wo = or x-^^ds.x'^ds.wo = 0. (3.249) 

Without loss of generality, we assume x~^'^d3.x^^d3.WQ = 0. Observe that the above claim 
gives x~^^di.x^'^di.wo = 0. Thus, in analogy with (I3.248p . from x'^^d^.x^^ds-Wo = and 
x~^'^di.x^^di.wo = we can deduce 

x-^^ 83. x^^ 83. wo = 0. (3.250) 

Therefore we obtain 

x~^d.x^8.wo = for all e G {±ei, ±£2, ±£3} and 8 e ker e H {81,82,83}. (3.251) 



(3.243) 



(3.244) 



Lemma 13.11 and the above discussion then further imply 

x-''d.x''d.we = for all e G {±ei, ±£2, ±£3}, d £ ker £ n {Oi, ^2, ^3} and OeV. (3.252) 
Since the above claim states either x^'^di.WQ = or x~^^d2-x^^d2-Wir^ 7^ 0, (|3.252p confirms 

x^^di.wo = 0. (3.253) 

Likewise, it can be proved 

x'^d.wo = for ah £ G {±£1, ±£2, ±£3} and 9 G ker £ n {(9i, 92, <93}. (3.254) 

Moreover, it can be similarly proved 

x''d.wg = for all £ G {±£i,±£2,±£3} 8 £ ker E D {di, 82, 83} and 6^ G L. (3.255) 

Therefore, (|3.255|) shows M ~ ©ggpFwg, where each component is a trivial submodule of 
S{r,D). □ 

Lemma 3.5 The conditions of Lemnia \ 3. and that of Lemma\3.4\ enumerate all the possibilities. 



Proof. Suppose otherwise, namely, both the conditions of Lemma 13.31 and that of Lemma [37 
fail. Then this will lead to a contradiction. The following proof is divided into two cases. 

Case 1. x~'^'-^8i.x^'-^8i.wo = 0. 

Since both the conditions of Lemma 13.31 and that of Lemma 13.41 fail, we get 

x~^^di.x^^8i.wo = 0, x^'-' 82. x''' 82. wo / 0, x'''82.x''82.wo = 0, (3.256) 
x'^^8s.x^^8s-wo / 0, x^^^8s.x^^83.W(j = 0, x~^'^8i.x^^8i.wo / 0. (3.257) 

Lemma |3. II then implies, for any 9 £T, 

x-''^8i.x''^8i.we = 0, x"^«(92.x^='<92.u'e / 0, x-''^82.x''^82.we = 0, (3.258) 
x"^^ 53.3;^^ ^3. we / 0, x"^2 53.x^2(93.u'e = 0, x-^^^i.x^^^i.we / 0. (3.259) 

Since x~^^8i.x'^^8i.wg 7^ for any G T, we get x^^^8i.W0 for any 9 £ F. Similarly, 
x^^'^82-Wg ^ for any G F. 
If x'^'^8i.wo = 0, by 

x''-'8i.ix^''^8i.Wje2) = x^'''8i.x'^8i.Wjs2 (3.260) 
and induction on j, we get x'^'^8i.Wje2 = for all j G Z. Then by the fact 

X^35i.(x=^^3a2.U;je2+fc£3) = X^'''-'82.x'''^8i.Wje2+kez (3.261) 

and induction on k, we obtain x^^Si.zUjej+fcea — fo'" ^ J' A; G Z. Therefore, 

/ e3{83)e2{82)x'^8i.WQ = [[x'-'8i,x'^83],x-'''82].wo = (3.262) 

leads to a contradiction. 

If x'^^8i.wq 7^ 0, then we get x~^^8i.We3 = 0. By similar arguments as those from (j3.260p to 
p.26ip . we can prove 

x~^'^8i.Wj^2+ke3 = for all j, k £ Z. (3.263) 



So it can be deduced 

/ -e3{d3)e2{d2)x'^di.wo = [[x^^^^ai, x'^^a], a^^'SaJ.u^o = 0, (3.264) 
which is a contradiction. 

Case 2. x~'^'-^di.x'^'-^di.wo ^ 0. 

Since both the conditions of Lemma 13.31 and that of Lemma 13.41 fail, we get 

x-''-'di.x''-'di.wo ^ 0, x^'^di.x'^di.wo = 0, x-'^ds.x'^'ds.wo / 0, (3.265) 
x-^^ds.x^^ds.wo = 0, x~^i(92.x^^(92.u'o / 0, x-'-'d2.x'-'d2.wo = 0. (3.266) 

Lemma |3. II then imphes, for any 9 £T, 

x-^aai.x^^ai.we / 0, x-'''di.x'''di.we = 0, x~'''d3.x'''d3.wg ^ 0, (3.267) 

x-^' 83. x^' 83. we = 0, x-^^d2.x^^d2.we / 0, x~''82.x''82.wo = 0. (3.268) 

Since 

[[x^'^dux'^'d2],x^'^83].wo = ±e3{83)e2i82)x'-'di.wo, (3.269) 

similarly, in analogy with Case 1, we will get a contradiction. We omit the details. □ 
In summary. Lemmas I3.3H3.5| together with Lemma |2. II and Theorem 12.21 give: 

Lemma 3.6 // dim D = 3 and T ~ Z^, then Theorem \2.3\ holds. 

4 General case of dim D = 3 

In this section, we deal with the general case of dimD = 3, that is, we want to prove: 
Lemma 4.1 // dim D = 3, then Theorem \2.3\ holds. 

Proof. Assume that M = ©ggp is a F-graded 5(r, D)-module with dimMg = 1 for each 
6 G T. Suppose r' is an arbitrary subgroup of T such that floGr' ^ ~ {^i- Then 5(r',Z)) 
is not only a subalgebra of S{T^D\ but also a simple generalized divergence- free Lie algebra. 
Define 

M(i/, r') = for any v^V. (4.1) 

Then M(i/, F') is a F'-graded 5(F', Z))-submodule. 

By Zorn's Lemma and Lemma 13. 6^ there exists a maximal subgroup Fq of F such that 
flagro ^ ~ following condition holds: 

(CI) Let {Or I r G /} be the set of all representatives of cosets of Fq in F. For any r £ I, 



M(0r,Fo) is isomorphic to: 

(i) ^^,(5(Fo,Z))) for some /i^ G D*\To; (4.2) 

(ii) ^^^(5(Fo, Z))) for some fir G Fq; (4.3) 
iiii) =c/^„r,,(5(Fo, D)) for some Hr G Fq and r]r G £'*\{0}; (4.4) 

(iv) ^^,,.,^^{S(To, D)) for some fir G Fq and r]r £ D*\{0}; (4.5) 

(v) Fwjy, where each component is a trivial submodule of S{Tq,D). (4.6) 



To prove this lemma, it suffices to show Tq = T. Suppose Tq ^ T. We wih see that this leads 
to a contradiction. Picking 9i S r\ro, we set 

ri = ro + z0i. (4.7) 

Let 

{px I A G J} be the set of all representatives of cosets of Fi in F. (4-8) 
Our intention is to prove that Fi satisfies condition (CI), which results in the contradiction. Let 

{k9i I k E K} be the set of all representatives of cosets of Fq in Fi, where C Z. (4.9) 

Then g2D shows #{K) > 1. 

Fix A S J hereafter. We want to see how S(Ti,D) act on M{px,Ti) and therefore deduce 
Fi satisfies condition (CI). 

Condition (CI) implies: 

(C2) For any /c € Z, M{p\ + A;0i,Fo) is isomorphic to 



(0 


^^,^{S{To,D)) for some p'^ G D*\To; 


(4.10) 


(zi) 


'-^^'^('5(Fo,-D)) for some p'^ G Fq; 


(4.11) 


(iii) 


£/^>^^^>^{S{To,D)) for some p'^ G Fq and t?^ G i;'*\{0}; 


(4.12) 


(iv) 


(5(Fo,D)) for some p'^, G Fq and ^ G D*\{0}; 


(4.13) 




¥wiy, where each component is a trivial submodule of 5(Fo, D). 


(4.14) 



In the first four cases of (C2), ^'^'s are respectively chosen so that there exist nonzero Vp^j^ke^+p S 
Mp^j^kOi+p with /3 G Fq such that 

x'^d.Vp^+ke^+p = {13 + p'k){d)vp^+kei+p+a (4.15) 

for a G Fo\{0}, 9 G ker a and /3 G Fq with /3 + ^'^ / / /3 + ^'^ + a. 
Choose €1,62 G Fo\{0} such that ker 6i n ker ei n ker €2 = {0}. Set 

Go = + Zei + Ze2. (4.16) 

Then S{Go, D) is not only a subalgebra of 5(F, D), but also a simple generalized divergence-free 
Lie algebra. By Lemma |3.6[ we know that: 

(C3) For any j3 G Fq, M{p\ + Gq) is isomorphic to 

(i) ^^^(5(Go,Z))) for some ^;^GZ)*\Go; (4.17) 

{ii) ^p'>iS{Go,D)) for some p^ G Go; (4.18) 

(m) i2/^.,^..('5(Go,I)))forsome^;^GGoandr?;^GL'*\{0}; (4.19) 

(iv) J^^.^^.{S{Go,D)) for some p'^, G Go and rj'/, G D*\{0}; (4.20) 

(f) FtDjy, where each component is a trivial submodule of S{Go,D). (4.21) 

In the first four cases of (C3), /x'^'s are respectively chosen so that, there exist nonzero Up^+^+i, G 
Mp^^l3^i, with G Go such that 

x"5.Wp,+/3+^ = (1/ + ^;^)(a)up,+;3+j,+a (4.22) 



for a e Go\{0}, d £ ker a and u £ Gq with u + fi'^ u + fi'^ + a. 

Our aim now is to show that Fi satisfies condition (CI). The idea is to sew the S{Tq,D)- 
submodules M[p\ + A;6'i,ro) for /c G together via the action of S{Gq,D). Before getting to 
that, we give some observations. 

For any /?' G ri\ro, we can choose 9[ G (^i + Tq) n Gq and €[, e'2 G ro\{0} such that 

ker e[ n ker e[ n ker £3 = {0} and /3' G Gi = Ze[ + Ze[ + Ze'a. (4.23) 

ExpUcitly, we write /?' = kOi + ^ with k G i^ViO} and /3 G Tq. If /3 = 0, we take 6*'! = 6*1, and 
choose e'l, e'2 G ro\{0} such that ker 0^ n ker e'^ Piker £2 = {0}. In the case /3 / and ker6'i / ker/3, 
we take 9[ = 61, e[ = /3, and choose e'g G ro\{0} such that ker 6[ n ker e[ H ker e'g = {0}. When 
ker 9i = ker /3, by the fact ker (6*1 + ei) 7^ ker (/3 — /cei) (c.f. (I4.16P ). we can take 9[ = 61 + ei, 
e'l = [3 — kei, and choose e'2 G ro\{0} such that ker 6'^ n ker e'^ n ker e'2 = {0}. 

Notice that, for the above defined Gi, S{Gi, D) is not only a subalgebra of 5(r, D), but also 
a simple generalized divergence-free Lie algebra. 

Now we proceed our analysis through sewing the 5(ro, -D)-submodules M{p\ + k9i,VQ) for 
k G K together. The proof is divided into five cases. 

Case 1. There exists some ko £ K such that M{p\ + fco^ijFo) — ^^^p^Fwj/, where each 
component is a trivial submodule of S{Tq, D). 

Recah that Gq = Z9i + Zei + Ze2, where ei,€2 G ro\{0}. Since M{px + A;o^i,ro) — 
^j^gP^ ¥wiy, where each component is a trivial submodule of 5(ro, D), we have 

x''d.Mp^+koei+i3+ie^+me2 = {0} V/3 G Tq, m G Z, 9 G ker e, and s G {1, 2}. (4.24) 

Pick d' G ker ei\ker €2. In (C3), if M{p\ + Gq) for some /? G Fq is isomorphic to one of 
the first four cases, then there exist I' ,m' G Z such that 

x'^d'.Mp^+p+k,e,+Ve,+^'e, ^ {0}, (4.25) 
which contradicts ()4.24p . So for any /3 G Tq, 

M(pA + /3,Go)~ 0F«;„ (4.26) 

where each component is a trivial submodule of 5(Go, -D). Then we have 

x''d.Mp^+p+kg^+u^+rne2 = {0}, V/3 G Tq, k,l,m£Z, a G ker e, and s G {1, 2}. (4.27) 

Pick d' G ker ei\ker e2- Observe that in (C2), for any fixed k £ K, ii M{px + k9i,TQ) is 
isomorphic to one of the first four cases, then there exist /3 G Pq and l',m' G Z such that 

x''d'.Mp^+^+k9,+l'e,+^'e2 + {0}, (4.28) 

which contradicts (I4.27p . So for any k £ K, 

M{px + k9i,ro)c^ ^¥w„ (4.29) 

where each component is a trivial submodule of S{Tq,D). In other words, from (j4.9p we see 
that 

x"a.M(pA,ri) = {0}, Va G ro\{0}, a G kera. (4.30) 



Recall that for any (3' G ri\ro, we can choose 6[ G {9i + Fq) n Gq and e[, e'2 G ro\{0} such 
that ker e[ D ker €[ D ker e'2 = {0} and f3' £ d = Z9[ + Ze^ + Ze'^ (c.f. i^M))- Moreover, we 
note that {x^°'d \ a G {9[, e'^, e'2}, d G ker a} generates the simple generalized divergence-free 
Lie algebra S{Gi,D). As (|06D and (OO]) show 

x^"5.M(pA,ri) = {0} for a G {0'i,e'i,e^} and a G kera, (4.31) 

we can deduce 

x^d.M{px, Ti) = {0} for r G Gi\{0} and 9 G ker r. (4.32) 

In particular, 

x^'d.M{px, Ti) = {0} for d G ker /?'. (4.33) 
Since (3' G ri\ro is arbitrary, ([1:^0]) and (I05D yield 

M{px,Ti) ~ Ftt;,y, where each component is a trivial submodule of S{Ti,D). (4.34) 

Case 2. There exists some £ K such that 

M{px + feo^i, To) =^ (5(ro, D)) for some p'^, G Tq and 4, e Z?*\{0}. (4.35) 

To begin with, we want to confirm which cases the submodules in (C3) are isomorphic to. 
Write Me = ¥w'g for 6* G T. 

Since M{px + koeuTo) ~ i?/^/^^,^/^ (5(ro, -D)), ^HB shows 

= {(3 + lei + me2 + p'k,f{d)w'p^^koei+p+ie^+me2 (4-36) 

for /3 G To and l,m G Z such that /3 + lei + "1^2 + Mfep 7^ / /3 + /ei + me2 + /i';.^ + e^, where 
d G ker and s G {1,2}. Pick d' G ker ei\ker €2. Fix any /3o G Fq. From ()4.36p we see that 
there exist l',m' G Z such that 

X ^^d' .x^^d' .w'p^j^j.^Q_^^p^^i,^^j^^,^^i^Q, (4.37) 

which then implies, in (C3), 

M{px + /3o, Go) can only be isomorphic to one of the first four cases. (4.38) 
So by K22h we have 

X d.x^" d.w'p^j^p^^j^j^^Q^j^i^^j^^^^ 

= (A;o6'i + /ei + m,e2 + /iJ^J^((9)Wp^+^(,+feQ0^+z/,^+^/,2 (4.39) 

for l,m £ Z such that IcqOi + lei + "1^2 + ^ ^0^1 + ^^i + "^'£2 + /^^^ + Cs, where 9 G ker 

and s G {1,2}. Comparing (|4.39|) with (|4.36|) . we see that 

{koOi + hei + m,e2 + 4,)\d) = {(3q + /,ei + m,e2 + Pk,f{d) (4.40) 

for /s,ms G Z such that /3o + ^s^i + "i-se2 + Mfc^, 7^ / /3o + ^s^i + "1362 + //'^^^ + and /cq^*! + ^^£1 + 
'mse2 + ^J^g / / /co^i + /gei + mse2 + p"p^ + Cs, where 9 G ker and s G {1,2}. Moreover, since 
there exist infinite pairs of such Ig and for either s G {1,2}, we can deduce from ()4.40p that 

{k^Oi + p"p^){d) = (/3o + p'^^){d) for d G (ker ei U ker e2)\(ker ei n ker £2), (4.41) 



= (/3o + /u'fco)'(5") for 9"ekereinkere2. (4.42) 

Suppose that {ko9i + / (/3o + fJ-'kJid") for some (9" G ker ei n ker €2- Then (I02]l gives 

rise to 

(A^o^i + 4^^){d") = -(/3o + f^Did") ^ 0. (4.43) 

We will see this leads to a contradiction. Recall that d' £ ker ei\ker €2- Choose li,mi £ Z such 
that /3o + hei + mie2 + /^^^ / / /3o + (/i + l)ei + ^162 + n'j^^, koOi + hei + mie2 + 1^-% ^ 
koOi + (/i + l)ei + mie2 + /i^^^ and 

(/3o + /lei + mie2 + /i'fe„)(a') / 0. (4.44) 

Observe that ()4.35p and ()4.38p enable us to choose nonzero vectors np^^^,,j5i^^^p_,_(;^_,_x)€i+mie2 
and in Mp^+ko9,+p,Mh+iy,+m,e2^ respectively, such that, 

^''^•'^PA+fcoei+/3o+«iei+mie2 = (/3o + hf-i + mie2 + /Xfco)(9)up^+A,oe^+^^+(,^+i),^+^^,2, (4.45) 

^''^•^k+fcoei+/3o+«i.i+mi.2 = (^0^1 + /lei + mie2 + 4;){d)u'p^^^^^Q^^p^_^^j^^^~^^^^^^^^ (4.46) 
for d G ker ei. Since (|4.4ip and (|4.44p indicate 

(fco^i + /lei + mie2 + 4^){d') = (/3o + hei + mie2 + ^fc„)(a') / 0, (4.47) 

taking 5 = 9' in (I4.45j) and (I4.46p . we get 

'"pA+fcoei+/3o + (ii+l)ei+»ni£2 = ^pA+fcoei+/3o+('i+l)ei+mie2- (4.48) 

On the other hand, (I4.43P shows 

{koOi + hei + mie2 + 4,){d") = -(/3o + /lei + mie2 + M'fcJ(a") / 0. (4.49) 
Taking d = d" in (OSl) and (f06]l . we get 

^PA+fcofi+/3o + ('i+l)ei+mie2 = "^PA+^of i+/3o + (/l+l)ei+mie2 ' (4.50) 

which contradicts ()4.48p . So we must have 

(Mi + m;^„)(9") = (/3o + ^)(5") for a" G ker ein ker 62. (4.51) 

As ker ei + ker e2 = -D, and ()i3T]) lead to 

/^^o - /5o = Aifco - ^0^1 for any /3o e Tq. (4.52) 

Now we can confirm which cases the submodules in (C3) are isomorphic to. Since — /^^p G Tq, 
we deduce from (I4.52P that 

/^V. = /^lo - Ml - /^fco = -Ml G Go. (4.53) 
Moreover, the fact M{p\ + koOi^Vo) ~ „/ (5(ro,D)) gives 

x^^a.M^^+;,„e^„^,^„,^ = {0} for all 8 G ker and s G {1, 2}, (4.54) 
x'"'d.Mp^j^k^^0^_^i / {0} for some s G {1, 2} and d G ker e^. (4.55) 



So (C3), (OHD . (iraD - (II35D and ker ei + ker eg = I? show 

M{px - fii^,Go) , ,„(5(Go, D)) = £/-koe^,viS{Go, D)) for some 77 € D*\{0}. (4.56) 

For any (3 £ Tq, fi'^ £ Gq, we have 

/? = -4o + /^^ + ^0^1 G -A'fco + Go (4.57) 

by (1452]) . Conversely, /3 G ro\(-/i'fcQ + Go) imphes fi'^^ Gq. Thus this together with (C3), 
(OHD and ()i36]l imply 

M(pA + /3,Go) = M{px-fi'k„Go) ^ ^.koeuviS{Go,D)) ^ .s^p+^,^^_k,e„r,{S{G^,D)) (4.58) 

for /? G Ton (-^'^^ + Go), and 

M{px + f3,Go) ^^.{S{Go,D)) = J^p+^>^^.koe,{S{Go,D)) for /3 e ro\( + Co)- (4.59) 

Then we want to confirm which cases the submodules in (C2) are isomorphic to. 
Fix /3 e Fo and A; e Z. Note that (Ii38]) and ()i39l) give 

= {kOi + lei + me2 + 4)\d)w'p^^ks,+p+ie^+me, (4.60) 

for l,m £ Z such that /c^i + lei + "T'e2 + / 7^ kOi + /ei + me2 + fi'^ + e^, where 9 G ker 
and s £ {1,2}. Pick d' £ ker ei\ker e2- Then (|4.60p shows that there exist I' ,m' £ TL such that 

x-^^d! .x'-^d' .w'p^^^Q^^p^^,^^^^,^^ y^O, (4.61) 

which further implies, in (C2), 

M{px + kOijTo) can only be isomorphic to one of the first four cases. (4.62) 

So (|ro]) yields 

X '^"d.x^"d.w'p^_^_f,g^^ijj^i^_^j^j^^^ 

= i/3 + lei + me2 + ^fc)^(5)u;^^+;^e^+^+;,^+^,2 (4-63) 

for 1,171 £ Z such that /3 + /ei + me2 + p'f. ^ ^ [3 + lei + rn^2 + l^'k + where d £ ker and 
s G {1,2}. By the similar arguments as those from ()4.36p to (I4.52p . we get 

//'^ -kei = p"p- (3 for any k£Z. (4.64) 

So combining (|4.52p with (I4.64p . we obtain 

p'}. — kOi = p"p — P = p'f,^ — koOi for any k £ Z, /3 G Fq. (4.65) 

Since /i'^^ £ Fq, from ()4.9p and (14.65p . we deduce 

p',, = {k-ko)9i + f,'^^^To foTk£K\{ko}. (4.66) 

Thus (jTOD and (C2) imply 

M{px + kOuFo) ~ (5(Fo,I?)) = .^^/^+(,,_fc„)e,(5(Fo,Z))) for A; G i^\{A:o}. (4.67) 



Next we sew the 5(ro, -D)-submodules M{px + k9i,TQ) for k £ K together, and derive how 
S{Ti,D) act on Af(p;^,ri). We fix some /3o G ^o\{~f^'k(, + ^o) in this part. 

For any k e K\{kQ}, (j4.67p enables us to choose {0 / v'p^^f^g^_^_^ G Mp^^^g^^fs \ (5 G Fq} 
such that 

^"^•^;,.+fce,+/3 = (/5 + ^lo + - ^o)ei)(5)t;;,+fce,+;,+„ (4.68) 

for a G Fo\{0} and d G ker a. Moreover, by (j4.35p . we can choose {0 ^ '^'px+h)ei+i3 ^ 
Mp^j^koe^+p I ^ G Fo} such that 

2^"^- V+fcoei+/3 = (/3 + ^fco)(^)^^p;,+fco0i+/3+« (4-69) 
for 9 G ker a, a G Fo\{0} and /? G Fo\{— ^'^^^l, and 

^"^-^k+fco^i-^^ = <,(^)^k+fco^^i-Ml 9 G ker a and a G Fo\{0}. (4.70) 

On the other hand, since /3o G Fo\(— ^'^.^^ + Go), (j4.59p enables us to choose {0 ^ ?Jp^+^j,+;^ G 
Mp^ 4./3Q+jy I 1/ G Go} such that 

= (z. + + /3o - A;o^i)(9)<,+^„+,+„ (4.71) 
for a G Go\{0} and 3 G ker a. Assume 

Up^+;3(,+fcei+7 = ^fc,7^PA+/3o+fcei+7 for A;GKand7GFonGo, (4.72) 

where 6^^^ G F. 

We now show that fe^^-y = hk is independent of 7. Since /3o G ro\(— /^'^^ + Go), we have 

+ -f^'ko any 7 G Fo n Gq. (4.73) 

So fixing any k £ K, from (|4.68p or (|4.69p . and from (j4.7ip we respectively derive 

3;"^-^'p;,+fc9i+/3o+7 = (/^O + 7 + IJ''k)id)v'p^+kei+l3o+-,+a^ (4-74) 

x"a.Up^+^j,+fce^+^ = (/3o + 7 + Mfc)(a)Up^+^„+fc0^+^+„ (4.75) 

for a G (Fq n Go)\{0}, 9 G ker a and 7 G Fq Pi Gq, where /i'^ = /x'^^ + (/c — A:o)^i- From 
/3o G Fo\(-/i'fcQ + Go) again, it follows 

/3o + Mfc + 7 = /3o + Mfco + - ^0)^1 +7/0 for any 7 G Fo n Gq. (4.76) 

We see that bk^-y = bkfl in two cases. On one hand, for a' G (Fo n Go)\{0} such that ker a' 7^ 
ker (/3o + Mfc); taking a = a', 7 = and 5 G ker Q'\ker (/3o + m'^) in (I4.74p and (I4.75p . we obtain 

bk,o = h,a'- (4.77) 

Noticing that such a' does exist (e.g. ei or €2 does the trick), we denote one by Oq. On the 
other hand, for a" G (Fq H Go)\{0} such that ker a" = ker {/3q + /i^), we first have 

ker(a"-a[)) /ker(/3o + Mfe), (4-78) 

which implies bkfi = bj. a:"-a'Q with a' replaced by a" — ckq in ()4.77p . Moreover, it follows from 
(147761) that 

ker a" = ker (^0 + f^'k) = ker (/3o + /i'^ + a"), (4.79) 



which imphes ker Oq 7^ ker (/3o + /i'^ + a" — Oq). Thus, putting a = o'q, j = a" — Uq and taking 
d e ker ao\ker (/3o + fi'^. + a" - Oq) in (liTFi]) and (0775]), we obtain 

fefc.a" = bk^a"-a'g = ^kfl- (4.80) 

So combining (liTT]) with (fCTJ]) . we get 

6fc,7 = ^fc,o = h for 7 e To n Go. (4.81) 

Recall that {kOi \ k £ K} is the set of all representatives of cosets of Fq in Fi (c.f ()4.9p ). 
Multiplying {Up^^^jg^,,.^ | (3 £ Tq} by bk for each k £ K, we get a new set 

{0 / 7;^,+, G Mp,+, I ^> G Ti}. (4.82) 

We then consider the action of S{Ti,D) on M{px,Ti). 
First, (lOT]) . (jCT]) and (li:70]) show 

^"^•^PA+e = (£' + Mfco - koei){d)vp^+g+a (4.83) 
for a G ro\{0}, d G ker a and g G ri\{fco6'i — /^^q}, and 

^"^•I'PA+fcoei-M' = %o(^)^PA+fcoei-p' +a for a G ro\{0}, 5 G ker a, (4.84) 

"■0 

while (|iTT]) and (fi772]) imply 

^''9'-Vp^+l3o+u = {l^ + Po + f^'ko - ^o6'l)(9')Vp^+/3o+!.+r (4.85) 

for r G Go\{0}, & G ker r and v G Gq. 

Second, we determine the action of S{Go,D) on M{px,Ti). Since = {x^"9 | a G 
{Oi,^i,^2}, d G ker a} generates S{Gq,D), we only need to determine the action of Xq on 
M{px,Ti). Recah that ei,e2 G Tq. Then ()i:83l) and (lOTD show 

3^'^''5-'^PA+e = (£» + ^fco - ^o6'i)(5)?^p;,+e±e. (4.86) 
for g G ri\{fco0i — d G ker and s G {1,2}, and 

= r]k id)vp^+koe^^^d ±e. for -9 e ker and s G {1, 2}. (4.87) 
Fix any G ri\{A;o6'i - fi'^J. As Fi = Fq + Z9i = Fq + Go, we see that 

g = f3 + u ior some /3 G Fq and G Go. (4.88) 

We then derive how x^^^d act on Vp^+g in two cases. If ker 9i = ker [g + p'f,^ — k^Oi), (j4.58p or 
(|4.59p gives 

x^^'d.vp^+, = ^ = {g + - kQei){d)vp,+p±e, for 9 G ker Oi. (4.89) 

Otherwise, we have dim(ker 9i n ker {g + ^'^^ — fco^i)) = 1. Recall that = /3 + (c.f. (|4.88p ). 
Choose I, m £ Z such that 

ker 6*1 n ker {g + /i'^^ - A;o6'i) n ker (/3 - /3o + /ei + me2) = {0}. (4.90) 

Pick nonzero di £ ker 6*1 n ker {g + ^'^^ — k^Oi) and 52 G ker 9i n ker (/3 — /3o + l^i + me2), then 
82} forms a basis of ker 6*1 and (i? + /u'^p — kQ9i){d2) 7^ 0. On one hand, (|4.58p or (j4.59p shows 

x^'^di.vp^+p = Q = {g + fi'k, - koei){di)vp^+,±e,- (4.91) 



On the other hand, since ()4.85p gives the action of x^^^d2 on M{p\ + /3o, Gq), we extend it to the 
action of x^^^d2 on fp;^+^ with the assistance of ()4.83p . Notice that /3 — /3o + ^ei + 'me2 G ro\{0} 
and Mp^j^p^^_i^-^_jne2+u ^ M{px + /3o,Go) (c.f. (j4.88p ). The fohowing diagram ihustrates the 
idea: 



c/5-/3o+'«l+'"=2 92 



X±0ld2 

Since 82 S ker (/3 — /3o + lei + rne2), we have 

(/3o - lei -me2 + u + ^'.^ - feo^OC^a) = (f? + /i'^o " fcoei)(52) / 0. (4.92) 
Applying ()i:83]) and (OSjl to 

and making use of ()4.92p . we get 

x^'^'d2.Vp^+, = [Q + p'k, - hOi){d2)vp^+e±g,. (4.94) 

So (lOTD . (|i:9n) and (lOTD show 

= (^> + ^ - k^ei){d)vp^+,±e, for G rAl^o^i - 9 G ker O^. (4.95) 

Afterwards we need to derive the action of x^^^d on Up^+^j^g^.^^ . Recall that ker 9i n ker ei n 
ker €2 = {0} (c.f. (j4.16p ). Pick nonzero d'l G ker 61 n ker ei and G ker 9i n ker €2, then {d'i,d'2} 
forms a basis of ker^i. Note that 62(^^1) / and ei{d'2) 7^ 0. Moreover, we pick di G kerei\ker6'i 
and 62 G ker e2\ker Oi. Then using (lirMI) . KKh and (jilMjl . we get 

-^'^d'i-v,,^Uoe.-,',^ = ["'"^'^' [^^'^^g^.^"gl]]-^P.+.o..-.',„ 

= %o('5i)^PA+feoei-Ml. ±01 • (4-96) 

Similarly, we can prove 

Since A'o = {x^'^d \ a G {^i,ei,e2}> d G ker a} generates S{Gq,D), we can deduce from (|4.86p . 
(jMTD, (335]), (14:96]) and (lilWll that 

x'^d.Vp^+g = {q + p'k,, - koei){d)vp^+g+r (4.98) 

for g G ri\{A;o6'i — /^^^j}, t G Go\{0} and d G ker r, and 

x^a.u / = (a)t; +r for 7" e Go\{0} and d G ker r. (4.99) 

Third, we determine the action of x^ d on M{px,Ti) for any /3' G ri\ro and 9 G ker /3'. Fix 
any /3' G ri\ro. Recall that we can choose 9'i G (^i + Tq) n Go and €[,€2 G ro\{0} such that 
ker e[ n ker n ker e'2 = {0} and /3' £ d = Ze[ + Ze[ + Ze'2 (c.f. g23|)). Observe that the set 
Xi = {x^'^d I Q G {0']^, e[, e'g}, 9 G ker a} generates S{Gi,D), which is a subalgebra of S{T,D) 



and also a simple generalized divergence- free Lie algebra. As (|4.83p . (|4.84p . (|4.98p and (j4.99p 
give the action of Xi on M(p;s^,ri), we can derive 

x^'d.Vp,+, = {0 + 4^ - ko9i){d)vp,+,+^> for G ri\{A;o^i - /^IJ and d e ker /3'. (4.100) 

x^' d.Vp^+k^^e,-t,'^ = r]k^{d)vp^+koei-,^'^ +fS' for 5 G ker /3'. (4.101) 
To sum up, (iroi) . (iroi) . and (ITOTT) show 

M(pA,ri) ~ i4,,^_fc„e,,^,^(5(ri,Z))), where fi'^^ - ^9^ e Ti and r?^„ £ Z^*\{0}. (4.102) 

Case 3. There exists some £ K such that 

M{px + koOi^Ta) ~ {S{To,D)) for some fi'^^^ € Tq. (4.103) 

In analogy with Case 2, we obtain 

M(pA,ri) ~ ^^.^_fc„ei(5(ri,Z))), where /i^^ - A^o^i G Ti. (4.104) 

Case There exists some ko £ K such that 

M{px + A:o^i, To) ~ ('^(ro, D)) for some fi^^ G Tq anc? r/^^ G L)*\{0}. (4.105) 

In analogy with Case 2, we obtain 

M(pA,ri) ~ (5(ri,Z))), where ^ - /cq^i G Ti and ^ G Z)*\{0}.. (4.106) 
Case 5. For each k £ K , 

M{px + kOuTo) ~ ^^,^{S{rQ,D)) with some p'^ G L'*\ro. (4.107) 

In analogy with Case 2, we get 

p'^ - kOi = p'q for k£K, (4.108) 

and obtain 

M(/>A,ri) ~ (5(ri,Z))), where p'^ G L'^VFi. (4.109) 
In summary, we get: 

For any A G J, M{px,Ti) is isomorphic to 

(i) ^^J5(ri,L»)) for some /^a G -C)*\ri; (4.110) 

(ii) ^^J5(ri,L>)) for some fix e Fi; (4.111) 
(m) j4^,^j^(5(ri,Z))) for some /2a G Ti and f/A G -D*\{0}; (4.112) 

(iv) %^,^^J5(ri,D)) for some /^a G Ti and 7?a S Z)*\{0}; (4.113) 

(v) Fwjy, where each component is a trivial submodule of S{Ti,D). (4.114) 

Namely, Fi satisfies condition (CI), which contradicts the maximality of Tq. So we must have 
r = Tq. Therefore, Lemma |4. II follows from (CI), Lemma |2. II and Theorem 12.21 □ 



5 The Case dim D > 4 



In this section, we shall prove Theorem 12.31 under the condition dim D > 4. We always 
assume diuiD > 4 throughout this section. 

Let M = ©ggp Mg be a F-graded S{T, D)-module with dimMg = 1 for each 9 £T. In order 
to prove Theorem 12.31 under the condition dim D > 4, we first need to derive all the possible 
action of S{T,D) on M. Picking any three F-linearly independent elements 81,82,83 G D, we 
set 

Do = ¥81 + ¥82 + ¥83. (5.1) 
To begin with, we have the following lemma. 

Lemma 5.1 The set {x°^8 \ 8 G kera D DQ,a £ T satisfying Dq ^ kera} act on M in one of 
the following two ways: 

(PI) x^d.M = {0} for 8 G kera Dq and a £T satisfying Dq ^ kera; 

(P2) there exist ^ £ D* and {0 ^ Vjs £ Mp | /3 G F satisfying Dq ^ ker{j3 + /u)} such that 

x''8.vp = {P + ^J){8)v^+p (5.2) 

for 8 G kera n Dq, a G L satisfying Dq ^ kera, and /? G L satisfying Dq ^ ker {13 + /i) and 
Dq <^ ker{(3 + ^ + a). 

Proof. Lemma [4. II and Zorn's Lemma imply that there exists a maximal subgroup Fi of F such 
that 

(I) Fi has a subgroup Fq that satisfies (Plagroker a) Ci Dq = {0}, 

(II) {x°^8 I 8 G ker a (1 DQ,a G Fi satisfying Dq ^ ker a} act on 0^gri ™ 
following two ways: 

(pi) x"8.Mp = {0} for ^ G Fi, 9 G ker a fl Dq and a G Fi satisfying Dq ^ ker a; 

(p2) there exist fi £ D* and {0 / G Mg \ /3 £ Ti satisfying Dq ^ ker {(3 + fi)} such that 

x"8.vp = {f3 + fi){8)v^+p (5.3) 

for 8 £ ker a fl Dq, a G Fi satisfying Dq ^ ker a, and /3 G Fi satisfying Dq ^ ker (/3 + fi) and 
Dq 2 ker (/? + // + a). 

To prove the lemma, it suffices to show Fi = F. Suppose that Fi / F. We will see that this 
leads to a contradiction. 

Choose 01 £ F\Fi such that Dq ^ ker Oi. Let 

F2 = Fi + Z0i. (5.4) 

We immediately see that F2 satisfies (I). Moreover, we want to prove F2 satisfies (II). 

Suppose that Fi satisfies {p2) in (II); the case in which Fi satisfies (pi) can be proved 
similarly. Namely, there exist /x G D* and {0 ^ £ | /3 G Fi satisfying Dq ^ ker (/3 + fi)} 
such that 

x''8.vp = {/3 + fimva+p (5.5) 

for 8 £ ker a Ci Dq, a £ Ti satisfying Dq ^ ker a, and /3 G Fi satisfying Dq ^ ker (/3 + ^u) and 
Do 2 ker (/3 + ;U + a). We shall extend this to 

the action of {x°'8 \ 8 £ ker a n Dq, a G F2 satisfying Dq ^ ker a} on Mg. (5.6) 

/3er2 



The fact that Ti satisfies (I) enables us to choose ei,€2 € Ti such that 

ker 6*1 nker ei nker £2 n Do = {0}. (5.7) 

Set 

Go = ZOi + Zei + Z€2. (5.8) 

Then (Hi/gGoker Ci Dq = {0}, and Go can be viewed as a subgroup of Dq. Hence we get a 
simple generalized divergence-free Lie algebra S{Go, Dq), which is also a subalgebra of S(T,D). 

We then proceed our proof in several steps. 

Firstly, we extend the set {0 ^ V/s e \ (3 e Ti, Dq <^ ker (/? + to {0 / G | /3 e 
^2,Do 2 ker (/? + fi)}, and determine the action of S{Go,Do) on ©/3gr2 ^l^- 

Let 

{/3^ \ <^ G 1} he the set of all representatives of cosets of Fi n Gq in Fi. (5-9) 
Fix any <^ € I. Lemma l4.ll savs that M(I3^, Gq) is isomorphic to: 





^f,^{S{Go,Do)) for some /x^ G Dq\Go; 


(5.10) 


(n) 


^^^{S{Go,Do)) for some fj,^ G Gq; 


(5.11) 


(Hi) 


'^iJ.,,v,i'^(Go,Do)) for some /i^ e Go and r]^ G DS\{0}; 


(5.12) 


(iv) 


=^^^,^^(5(Go,Do)) for some fi, G Gq and 77, G i?o\{0}; 


(5.13) 


{v) 


¥w,^, where each component is a trivial submodule of S{Go, Dq). 


(5.14) 









In the first four cases, //^'s are respectively chosen so that there exist nonzero v'p^_^_j^ G 
with u £ Go satisfying u\do + fJ-q such that 

x^d.v'p^^^ = {u + /iJ(5)u^^+^+„ (5.15) 

for a G Go\{0}, d G ker aCi Dq and u G Gq satisfying uId^ + / 7^ vIdo + + «|do- 

Recall that £1,62 G Fi (c.f. ([521) )• Pick d' G (ker ei n L'o)\(ker £2 n Do)- Then ([53]) indicates 

x'^^c?'.f^^_(_;/e^+m'e2 7^ for some l',m' G Z, (5.16) 

which implies, 

M(/3^,Go) can only be isomorphic to one of the first four cases (i.e. ( I5.10p - ()5.13p ). (5.17) 
So (|5.15p shows 

for /, m G Z such that lei\Do+'me2\Do+lJ''; 7^ 7^ ^ei|Do+"^^2|Do+A*? + £s|-Do' where d G keresflDo 
and s G {1,2}. On the other hand, (15. 5p tells 

X~^'d.X^'d.Vi3^+Uj^+rne2 = (/^f + ^^1 + me2 + /U)^ (9)i;/3^+i,^+m,2 (5-19) 

for /, m G Z such that Dq ^ ker (/3f + lei + "ie2 + /^) and Dq ^ ker (/3^ + lei + "^£2 + M + ^s), 
where d G ker n Dq and s G {1,2}. By the similar arguments as those from (j4.40p to ()4.52p . 
we can prove 

/Xf = (/i + /3f )|do for any ? G /. (5.20) 



So this together with (jS.lSp and (j5.17p enable us to choose nonzero v'^^j^^, S Mp^j^y with u £ Gq 
satisfying Dq ^ ker {v + ii + f3^) such that 

x'^d.v'p^^, = {u + ^^ + P,){d)v'p^^,^^ (5.21) 

for d G ker a PI Dq, a £ G'o\{0}, and z/ G Go satisfying 2 ker {u + ^ + and 2 
ker (i/ + /i + + a). Assume 

= c^^^vp^+^ for 7 G Fi n Go such that Dq ^ ker (/3<; + 7 + /i), (5.22) 

where c<j^-y G F (c.f. (15. 5p ). By the similar arguments as those from ()4.72p to (I4.8ip . we can 
prove that 

c<;,7 = is independent of 7. (5.23) 
Since = Ti + ZOi = Ti + Go = ©,g/(/3^ + Go), multiplying 

{v'p.+u I G Go satisfying Dq ^ ker (/3, + 1/ + ^)} (5.24) 

by J- for each <f G /, we get a set 

{0 / t;/3 G M;3 I /? G Ts, A 2 ker (/3 + ^)}, (5.25) 

which expands {Q ^ vp e Mp \ ^ eVi^D^ ker (/3 + ^)} by ([02]) and (fOHD . Then ([53]) still 
holds and ()5.2ip shows 

x'^d.vp = {P + ^){d)v^+p (5.26) 

for a G Go\{0}, 9 G ker a fl Do and /? G r2 satisfying ^ ker (/3 + /i) and 2 ker {j3 + fi + a). 

Secondly, we determine the action of {x°^d \ d G ker a H -DoiCt G Fi such that Dq ^ 
ker a and ker a n Do 7^ ker n Do} on ©^gp^ 

Fix any a' G Fi such that Dq ^ ker a' and ker a' R Dq 7^ ker 0i n Dq. Fix any f)' G F2 such 
that 

Do % ker (^i' + ^) and Dq ^ ker (£»' + ^ + a'). (5.27) 

We want to see how x°'(9 act on Vgi for 9 G ker a' H Do. 

Since ker 61 n ker q' n ker ei n Do = {0} or ker 9i n ker a' n ker £2 H Dq = {0}, without loss of 
generality, we assume that ker 9i n ker a' n ker ei n Dq = {0}. Let 

Gi = Z9i + Za' + Zei. (5.28) 

Then (riiygc^ker z^) n Do = {0} and Gi can be viewed as a subgroup of Dq. Hence we get a 
simple generalized divergence-free Lie algebra 5(Gi, Dq), which is also a subalgebra of 5(F, D). 
By Lemma l4.ll we know that M{q',Gi) is isomorphic to: 

(i) (5(Gi,Do)) for some fi', G D*\Gi; (5.29) 

(ii) Jl^ (5(Gi,Do)) for some G Gi; (5.30) 
iiii) (5(Gi, Do)) for some G Gi and 7?^, G D^\{0}; (5.31) 
(it;) (5(Gi, Do)) for some /i'^, G Gi and r?;,, G D^\{0}; (5.32) 

[v) Fwjy, where each component is a trivial submodule of S{Gi,Dq). (5.33) 

ueGi 



In the first four cases (c.f. ( I5.29p - (|5.32p l. /i'^/'s are respectively chosen so that there exist 
nonzero w'gu^y £ Af^i'+i/ with v ^ Gi satisfying i'\do + Z^'^/ 7^ such that 

x-d.w'^,^, = {u + (5.34) 

for r G Gi\{0}, d G ker r n and v & Gi satisfying i'\do + Mg' 7^ 7^ z^Idq + /u'^/ + rl/jp. Note 
that (I5.26P gives the action of on 0^gr2 ^^'^ ^ ^ ^^'^ '-'^ ^"^^ ^ ^ {±^i,±ei}. By the 
similar arguments as those from (|5.16p to (|5.20p . we can prove that 

M{g',Gi) is isomorphic to one of the first four cases (i.e. ( I5.29p - ()5.32p ). (5.35) 

and 

n'^, = + q)\do- (5.36) 

Pick nonzero di G ker 61 Ci ker a' Pi Dq and 82 G ker (6*1 + ei) fl ker a' fl Dq. Then {i9i, i92} 
forms a basis of ker a' n Dq. If {g' + fj.){di) = 0, then (fOTP and ([Oi]l ~ (f06|l indicate 

x^'^i.Ug/ = = (£»' + /u)(9i)t;a/+g/. (5.37) 

Assume (g' + /^)(i9i) 7^ 0. Since r2 = Fi + Z^i and g' £ T2, we can write g' = /3' + k'Oi for some 
/3' G Ti and k' G Z. As 9i G ker 6*1 n ker a' n L'o, we have 

(/3' + ^)(ai) = {g' + M)(ai) / and {a' + /3' + ^)(ai) = {g' + f,)(di) / 0; (5.38) 

namely, Dq ^ ker (/3' + /i) and 2 ker (/?' + ^ + a'). So by ([53]) and (jOG]) . we have 

(/3' + /i)(ai)x°'5i.v = x'^'di.x^'^'di.Vf^' = x^'^'di.x'^' di.vp. = (/3' + ^if{di)va:+g,, (5.39) 

which implies 

x^'^LV = (/?' + /i)(ai)7;„/+,. = {g' + /i)(ai)7;,.+,.. (5.40) 
Replacing di by ^2 and replacing 9i by + ei in (j5.37p - (|5.4Up . we can similarly prove 

x"'a2.v = (£•' + p){d2)va'+e'- (5.41) 

So we obtain 

x'^'d.v,. = {g' + ii){d)v^>+,, (5.42) 

for 5 G ker a' r\ Dq, a' G Ti satisfying Dq ^ ker a' and ker a' fl 7^ ker ^1 n Dq, and G r2 
satisfying Dq ^ ker (^3' + /i) and 2 ker {g' + ^^ + a'). 

Thirdly, we determine the action of {x'^d \ d G ker aPl Dq, a G Ti such that Dq ^ ker a and 
ker a n Do = ker 61 n Dq} on S^gp^ Mg. 

Fix any a' G Fi satisfying Dq ^ ker a' and ker a' R Dq = ker n Dq. Fix any £>' G F2 such 
that 

Dq % ker {g' + ^) and Dq ^ ker (£»' + ^ + a')- (5.43) 

We want to see how x"'(9 act on Vgi for any d G ker a' H Dq. 

Since ker a' n = ker 0i n we have ker a' fl ker ei n ker £2 n Dq = {0}. Let 

G2 = Za' + Zei + Ze2. (5.44) 

Then (Pli/gGj^er z^) H = {0} and G2 can be viewed as a subgroup of Dg. Hence we get a 
simple generalized divergence-free Lie algebra S{G2, Dq), which is also a subalgebra of 5(F, D). 



Note that (j5.26p gives the action of x^'^^'d on 0^gp2 ^^'^ ^ ^ and s £ {1,2}. By the 

similar arguments as those from (|5.29p to (|5.42p . we can prove that 

x'^'d.v,. = {q' + ii){d)v^>+,, (5.45) 

for d G ker a' r\ Dq, a' G Ti satisfying Dq ^ ker a' and ker a' r\ = ker 6*1 n Dq, and q' G r2 
satisfying % ker (£)' + ^) and ^ ker (a' + ^' + /i). 

Fourthly^ we determine the action of {x"(9 | 9 G keraPlZ^o, a G r2\ri satisfying ^ ker a} 
on e/3er.^/3- 

Fix any a' G r2\ri satisfying ^ ker a' . Write a' = k^Oi + qq for some feo G Z\{0} and 
ao £ Ti • If ker a' n Dq 7^ ker 6*1 n Dqi then a' = k^Oi + oq implies Dq ^ ker ao and ker ao H 
ker 6*1 n Do • Thus we have ker 9i R ker cto H ker ei n Dq = {0} or ker 6i n ker oq H ker e2 H Z?o = {0} • 
Without loss of generality, we assume that ker 9i n ker ao H ker ei n Dq = {0}. Let 

Gg = Z6li + Zei + Zqq. (5.46) 

Then (Pli/gGsker z^) n = {0} and G3 can be viewed as a subgroup of Dq. Hence we get a 
simple generalized divergence-free Lie algebra S{G^,Dq), which is also a subalgebra of 5(r, D). 
Note that a' G G3. Moreover, since = {x^"d \ a G {6'i,ei,ao}, 9 G ker u n Dq} generates 
5(G3,Do), and ([526]), (f5:i2]l and (fOHjl give the action of X^, on 5(^3, Doj-module 0^gr2 
we can deduce 

x"'a7;^ = (/3 + /i)(a)z;„,+;3 (5.47) 

for d G ker a' DDq, f] £ T2 such that Dq % ker (/3 + p.) and 2 ker (/? + /i + a'). 

If ker a' n Do = ker n Dq, then a' = k^Qx + ao implies Dq 2 ker (ao — fcoei) and ker {d\ + 
ei) n Do / ker (ao — ^oei) n Do. Choose £3 G Fi such that 

ker (6*1 + ei) n ker (ao - ^oei) n ker £3 n Dq = {0}. (5.48) 

Let 

G4 = Z(0i + ei) + Z(ao - feoei) + ^£3. (5.49) 

Then (ni,gG4ker v) n Dq = {0} and G4 can be viewed as a subgroup of Dq. Hence we get a 
simple generalized divergence-free Lie algebra 5(G4, Do), which is also a subalgebra of 5(F, D). 
Note that a' G G4. Moreover, since the set 

ei, ao — koei, €3}, d G ker a n Dq} (5.50) 

generates 5(G4,Do), and ()5.26p . (|5.42p and (I5.45P give the action of on 5(G4, Do)-module 
®p^T2 ^® ^^"^^ deduce 

x'''d.vp = {P + li){d)v^,+p (5.51) 

for d G ker a' n Do, /? G F2 such that Do ^ ker (/3 + ^) and Do ^ ker (/S + /i + a'). 

To sum up, ([532]), ([OS]) . ([OTP and (j53T]) show that F2 satisfies (p2) in (H). This contradicts 
the maximality of Fi. On the other hand, if Fi satisfies (pi) in (II), we can similarly prove that 
F2 satisfies {pi) in (II), which also contradicts the maximality of Fi; we omit the details here. 
So we must have Fi = F. Therefore the lemma follows. □ 



Lemma 5.2 S{T,D) act on M in one of the following two ways: 
(P'l) x"(9.M = {0} for d G kera and a G r\{0}; 
(P'2) there exist fi e D* and {0 / t;^ e | /3 G r\{-/u}} such that 

x'^d.V^ = + fl){d)Va+(S (5.52) 
for d G kera, a G r\{0} and /3 G T satisfying /3 + iJ,^0^f3 + fj,-\-a. 

Proof. Lemma 15.11 and Zorn's Lemma imply that, there exists a maximal subspace D' <^ D 
such that 

(/') dimD'^3, 

(//') {x^'d I d G ker a H D' , a G F satisfying D' ^ ker a} act on M in one of the following 
two ways: 

{p'l) x°^d.M = {0} for d G ker ar\ D' and a G T satisfying D' ^ ker a; 

(p'2) there exist fi £ D* and {0 / -U/j G | /? G P satisfying D' % ker (/3 + ^)} such that 

a;"a.t;/3 = (/3 + ^)(a)f„+/3 (5.53) 

for (9 G ker a Pi D', a G T satisfying D' ^ ker a, and /3 G F satisfying ^ ker (/3 + /u) and 
D'^ker (/3 + /i + a). 

To prove the lemma, it suffices to show D' = D. Suppose D' ^ D. We will see that this 
leads to a contradiction. 
Pick B G D\D'. Set 

D" = D' + ¥d. (5.54) 

Observe that D" satisfies (/'). We will also show D" satisfies (//'). 

Assume D' satisfies {p'2) in (//'); the case in which D' satisfies (p'l) can be proved similarly. 
Namely, we can choose ^ G D* and {0 7^ G | /3 G F satisfying D' % ker (/3 + /i)} such that 

x°5.7;^ = (/3 + ^)(a)f„+;3 (5.55) 

for d G ker a H D', a G F satisfying D' ^ ker a, and /? G F satisfying Z?' ^ ker (/3 + ^u) and 
D' 2 ker (/3 + ^ + a). Then we proceed our proof in several steps. 

Firstly, we give a claim: 

Pick any two linearly independent elements 81,82 G D' . Set 

DQ = ¥d + ¥di+¥d2. (5.56) 

Lemma [5T] and (I5.55P imply that there exist n' G D* and {0 / n/3 G Afg | /3 G F satisfying Z^o 2 
ker (/3 + ^')} such that 

x'^dM^ = {13 + fi'){d)ua+^ (5.57) 

for d G ker a n Dq, a G F satisfying Dq ^ ker a, and /3 G F satisfying Dq ^ ker (/3 + fi') and 
1)0 2 ker {13 + fi' -\- a) . Similar arguments as those from ()4.36p to ()4.4ip . combined with ()5.55p 
and ()5.57p . indicate 

^'{d) = fi{d) for de¥di + ¥82. (5.58) 

Assume 

Ui3 = dpvi3 for /3 G F satisfying F9i + F(92 ^ ker (/3 + ^), (5.59) 



where ap € F. 

Claim 1. dp = d is independent of f3. Moreover, 

x'^d.vp = + fl'){d)Va+p (5.60) 

for d G kera n Dq, a G F satisfying Dq g kera, and (3 G T satisfying ¥di + ¥82 2 ker{l3 + fi) 
and ¥di + ¥82 % ker {P + + a) . 

Choose po £ r such that (po + 7^ 0. Write 

a' = (po + l^){di)d2 - {po + pKd2)di. (5.61) 

Then (po + p){d') = 0. For any a G F such that a{d') / 0, making use of (j5.58p . we deduce 
from ([535]) and (j5371) that 

x"(a(5')9i - a{di)d').vp, = a{d'){po + p){di)va+po (5.62) 

and 

x"(a(5')9i - a{di)d').Upf^ = a{d'){po + p){di)ua+po, (5.63) 

which imphes 



(5.64) 



Such a's do exist and we denote one of them by oq. For any q' G F such that a'{d') = but 
{a' + Po + P'){9i) 7^ 0, we have {a' — ao){d') / 0. Moreover, making use of ()5.58p . we derive from 
(f535|) and ([5371) that 

x"'~""(ao(9')5i + {a' - ao){di)d').Vpo+ao = ao{d'){a' + po + p){di)va'+po (5.65) 

and 

x"'~"°{ao{d')di + {a - ao){di)d').Upg+ao = ao{d'){a + po + fi){di)ua'+po, (5.66) 
which imphes 

^a'+po — OoQ+po ~ ^po- (5.67) 
Since {d',di} forms a basis of ¥di + ¥82, (I5.64P and (|5.67p show 

d[s = d for /3 G F such that F^i + ¥82 ^ ker (/3 + p). (5.68) 



So (|537P and (|539]) give 

x'^d.vp = {13 + p'){d)va+p (5.69) 

for d G ker a fl Dqi a G F satisfying Dq g ker a, and /3 G F satisfying F9i + ¥82 ^ ker (/3 + p) 
and FOi + F92 ^ ker (/3 + p + a). Thus the claim follows. 

Secondly, we choose some po £ -C'* such that 

fJ-olo' = p\d' and po{d) = p'(9), (5.70) 

where p' is the same as in (I5.57p . 
Thirdly, we give another claim: 



Pick another two linearly independent elements d[,d2 £ D' . Set 

Do = ¥d + ¥d[+¥d'2. (5.71) 

Lemma [5. II and (I5.55P imply that there exist /x" S D* and {0 ^ u'^ € Mg | /3 S F satisfying D'q ^ 
ker (P + /i")} such that 

x"an;3 = (/3 + /)(a)<+^ (5.72) 

for d £ ker a H Z)q, a £ F satisfying D'q ^ ker a, and /3 G F satisfying Z)q ^ ker {(3 + ^") and 
2ker + + a). 

Claim 2. ^"Ij)^ = ^ol/j^- 

Similar arguments as those from (j4.36p to (j4.4ip . combined with ()5.55p . (I5.70j) and (|5.72p . 
imply 

= ii{d) = no{d) for de¥d[+ ¥82. (5.73) 

Moreover, Claim 1 indicates that 

x'^d.Vfi = {(3 + fi"){d)v^+p (5.74) 

for d G ker a n Z)q, q G F satisfying D'q ^ ker a, and /? G F satisfying ¥d[ + 2 ker (/? + /u) 
and + ^ ker (/3 + /i + a). 

Pick nonzero d G F(9i +F(92 and 0' G ¥d[+¥d'2 (c.f. (l536]l . (ISTTTl ). Choose a G F such that 
q(9) / and a(9') / 0. Then 

5 - G ker Q n £»o, a - ^^d' G ker a n (5.75) 

a{o) a{o') 

Moreover, we choose /3 G F such that ¥di + ¥82 % ker (/3 + /i), F^^ + ¥&2 % ker (/3 + /i), 
F(9i + F(92 g ker (/? + /i + a) and ¥d{ + F(9^ ^ ker (/3 + + a). Then (lOOD and (fOi]) show 

Making use of (|5.58p and (j5.73p . we deduce that the difference between (j5.76p and ()5.77p is 



On the other hand, (15.55P shows 

Inserting ()5.79p into (|5.78p and making use of (|5.70p . we get 

/i"(9) = /z'(9)=/xo(a). (5.80) 
Since l)^ = F9 + ¥d{ + F5^, this claim follows from ([57731) and (|5:80]l . 

Fourthly, we extend the set {0 / G | /3 G F satisfying D' ^ ker {13 + fj,)} to {0 / G 
I /? G F satisfying D" % ker{j3 + /Uq)}. 



Since (j5.55p gives the set 

{O^vp £ Mp\ /3 £T satisfying D' % ker (/3 + /i)} (5.81) 

and (|5.70p shows 

{/3 G r I 2 ker (/3 + /i)} = {/3 G T | ^ ker (/3 + ^o)}, (5.82) 

we take for /3 G T satisfying D' ^ ker (/3 + //q) as they were in ()5.55p . 

Recall that D" = D' + ¥d (c.f. (j5.54p ). Then we only need to determine f/j for /3 G F such 
that D' C ker (/? + /xq) and (/? + /io)(9) / 0. 

Fix two hnearly independent elements 81,82 G D' . Set 

D = ¥8 + ¥di+¥d2. (5.83) 

Then Lemma l^TTl Claim 2 and (|5.55p imply that there exist {0 / tt)/^ G | /3 G F satisfying D ^ 
ker (/3 + /io)} such that 

x"d.w^ = {/3 + f,o){d)w^+(S (5.84) 

for d G ker q n D, a G F satisfying D ^ ker q, and /3 G F satisfying D ^ ker (/3 + ^0) and 
D 'J- ker (/3 + ^0 + ct)- Moreover, Claim 1 shows that 

= avf} for /3 G F satisfying F^i + ¥82 % ker (/3 + ^uq), (5.85) 

where a G F is a nonzero constant. We then define 

Vfi = for /3 G F such that D' C ker (/3 + /io) and (/3 + /io)(^) / 0. (5.86) 

Thus (|5.86p together with (j5.55p give the set 

{0 / G I /3 G F satisfying D" % ker (/3 + /^o)}. (5.87) 

Fifthly, we derive the action of on i;^ for all d G ker aPl D", q G F satisfying D" ^ ker a, 
and /3 G F satisfying ^ ker (/3 + ^0) and D" ^ ker (/3 + /^o + a). 

Case a G F satisfies D' C ker a and a(9) 7^ 0. 

Subcase 1.1. /3 G F satisfies C ker (/3 + /io), (/3 + /xo)('9) 7^ and (/3 + //q + a)(9) 7^ 0. 
Pick any two linearly independent elements ^2 G ker a n D" = D' . Set 

Di=¥d + ¥d[+¥d'2. (5.88) 

Then Lemma [5.H Claim 2 and (j5.55p imply that there exist {0 7^ G Mp | /) G F satisfying Di % 
ker (/9 + /io)} such that 

x^az/;; = (p + /xo)(9)«;;+p (5.89) 

for d G ker r n r G F satisfying i)\ ^ ker r, and /> G F satisfying L*! ^ ker (p + /io) and 
-Di 2 ker (p + /zo + r). Since a(a) / 0, (/3 + /io)(^) / and (/3 + po + a) (5) / 0, from (ISlMj) 
and C ker (/? + po), we see that 

x'^d.w'^ = (/3 + /io)(5)?i;;j+^ = for 9 G ¥d'^ + F^^, (5.90) 

which implies 

x^S.u^ = = (/3 + /io)(5)w/3+a for 5 G Fa; + Fa2. (5.91) 



Since d[,d2 £ ker a H D" are any two linearly independent elements, we see that 

x"d.Vf} = = {f3 + no)id)vf}+a for 5 G ker an L>". (5.92) 
Subcase 1.2. /3 £ T satisfies D' ^ ker (/3 + fio). 

Pick d[ £ D'\keT (/? + /Uq). Moreover, we pick any d'^ G D'\¥d[. Set 

D2 = ¥d + ¥d[+¥d'2. (5.93) 

From (/3 + /io)(9i) 0, D' Q ker a and a(a) / 0, we see that F^^ + ¥8'^ % ker (/3 + /xq), 
F(9i + ¥d'2 2 ker (/3 + a + /io) and 1)2 ^ ker a. So Claim 1 and Claim 2 show 

x°9.t;^ = (/3 + ^o)(5)v/3+a for 5 G keranZ)2 =Fai +Fa2. (5.94) 

Since &2 G D'\F5J is arbitrary, we deduce 

x'^d.Vfi = (/3 + iiQ){&)V{i+oc for a G D' = ker a n L>". (5.95) 

Case 2. a £T satisfies ^ ker a. 

Subcase 2.1. /3 £ T satisfies D' C ker (/3 + /io) and (/? + ^o)(^) / 0. 
Similarly, in analogy with Subcase 1.1, we can prove 

x^'d.Vfs = = (/3 + //o)(9)u/3+a for a G ker a n D'. (5.96) 

Pick d[ G Z?'\ker a. Moreover, we pick any nonzero 82 G ker a H (F9i + ¥82) (c.f. (j5.83p l. 

Set 

D3 = ¥d + ¥8[+¥82. (5.97) 

Then Lemma [5.H Claim 2 and ()5.55p imply that there exist {0 ^ w'^ £ Mp \ p £T satisfying D3 % 
ker (p + ^0)} such that 

x^d.w'p = {p + iiQ){d)w',+p (5.98) 

for d £ ker r n 1)3, r G P satisfying 1)3 ^ ker r, and p G P satisfying 1)3 ^ ker (p + ^0) and 
1)3 2 ker (p + po + ''")• In particular, 

^"(5 - ^^0-^/^ = (/5 + m)(5 - ^fi^Wc- (5-99) 
Choose 7 G P such that 7(^2) / 0. Then ([OH]) shows 

^^(9 - ^^d'2).w'p_^ = (/3 + po)(5)u;^. (5.100) 
On the other hand, as 9 — ^^p^ ^2 ^ deduce from (j5.84p that 

x^(a - ^^d'2).wp-., = (/3 + po)(5)u;/3. (5.101) 

Since (/3— 7+/io)(<92) = —7(92) / ^'^^ ^2 ^ F5i+F92, we know from (|5.85p that t()/3_^ = af^_^. 
While (j5.86p . C ker (/3 + po) and (/3 + p,o){d) / imply tu^ = af^. Inserting these results 
into ()5.10ip . we get 

x^{d - ^^d'2).vp_, = (/3 + iiomvp. (5.102) 



Since (a + 7)(5^) = 7(9^) 7^ 0, (lOS]) shows 



x'^^^id'i - |^^^y||y52)-^;^-, = (5.103) 



As a; - {^J^ylll^a e i)', we derive from (1^3^ that 

^"-^"(51 - I^^^HIja^).^^-, = a{d[)v^+o.. (5.104) 

Since a(Oj) ^ and (/3 + ^o)(<9) / 0, comparing (I5.104p with ()5.103p and comparing (I5.102p 
with (jS.lOOp . we see that 

w'p_^ = cvp-'y, w'ljj^^ = cv^+a and = cvjs for some nonzero constant c. (5.105) 

So inserting (j5.105p into (j5.99p . we get 

x'-iB - ^f'l)-^^ = {P + m)(5 - ^^d[)vp^^. (5.106) 

Since ker ar\D" = ¥{d - ^^5() + ker a n D' , combining (l5306D with (fOGj) . we get 

x^'d.vp = (/3 + ^lo){^)vp+a for 5 G ker a n D" . (5.107) 

Subcase 2.2. /3 G T satisfies £>' 2 ker (/? + /io) and ^ ker (/3 + /io + a). 
By (I5.55P we have 

x'^d.vp = {l3 + liQ){d)va+p for (9 G ker a n (5.108) 

Choose d'l G L''\ker q and 82 G D'\(ker (/3 + //q) U ker (/3 + q + //q)) such that (?2 are hnearly 
independent. Set 

bi = ¥d + ¥d[+¥d'2. (5.109) 
Since ¥d[ + F(9^ ^ ker (/3 + /^o) and FS^ + Wd'^ 2 ker (^5 + a + ^0), Claim 1 and Claim 2 imply 

^"(5 - = (/5 + M)(5 - ^^d[)v^+p. (5.110) 

Since ker a<r^D" = ¥{d - ^^d[) + ker a n D', combining (I5.108P with (15.1101) . we get 

x"d.v,3 = W + f^o){d)va+i3 for 5 G ker Q n D". (5.111) 

Subcase 2.3. /3 G T satisfies D' ^ ker (/3 + ^0) , -D' C ker (/3 + a + //q) and (/3 + a + ^0) {d) / 0. 
By the similar arguments as those in Subcase 1.1, we can prove 

x°'d.vp = {) = {(5 + iJLo){d)vp+a for (9 G ker on I?'. (5.112) 

Pick d'l G L''\ker a. Moreover, we pick any nonzero 82 G ker a n (F(?i + ¥82) (c.f. (j5.83p ). 

Set 

1)5 = IF^ + F5; +Fa^. (5.113) 

Then Lemma [5.1l Claim 2 and (j5.55p imply that there exist {0 ^ if;^ G Mp | p G F satisfying D5 % 
ker (p + ^0)} such that 

x-^.w'p = {p + ^lomw',+p (5.114) 



for d G ker r n i^s, r G F satisfying ^ ker r, and p £ T satisfying ^ ker (p + /ig) and 

2 ker (/9 + ^0 + ''")• In particular, since (/3 + /io)(c^i) = — a(9J) 7^ and (/3 + a + /Uo)(5) 7^ 0, 
we have 

Choose 7 G r such that 7(^2) / 0. Then (I5.114P shows 

^^(^ - :^^2)-t«;3+a-^ = (/? + « + /Uo)(a)u;;,+„. (5.116) 

On the other hand, as 9 — ^^p-^ ^2 ^ D, we deduce from (|5.84p that 

x^B - -^a^).u;^+,„^ = (/3 + a + Mo)(5)u;/3+„. (5.117) 

Since (/? + a — 7 + /io)(c^2) = "7(^2) 7^ ™d ^2 ^ + ^^2j we have wp+a-'y = 0^^/3+0-7 by 
dSSS]). While (Oel) . L»' C ker (/3 + a + //q) and (/3 + a + /Uo)(9) 7^ imply = a^^/3+a• 

Inserting these results into (j5.117p . we get 

x^B - ^^d'2).Vf,+c,-^ = (/? + « + l^o){B)vp+^. (5.118) 
Since (7 - a)(5^) = 7(9^) / 0, (|5Tli|) shows 

^"""(^i - i^Ia)(9l) ^^^-^^+"-^ = -aid[)w'^. (5.119) 
As 5; - {^I^jjgij ga e -D', we derive from (f535]l that 

^'""(^1 - (7la)(aj) ^2)-^/3+»-7 = -«(50^/3- (5.120) 

Since a(9^) ^ and (/3 + a + /io)(3) 7^ 0, comparing (|5.120p with (|5.119p and comparing (|5.118p 
with (|5.116p . we see that 

w'p_^_l^_^ = cvf^^a-j, w'p = cvp and = cvpj^a for some nonzero constant c . (5.121) 

So inserting (j5.12ip into (|5.115p . we get 

x%d - ^fi)-vp = (/3 + /^o)(5 - ^^d[)vp+^. (5.122) 

Since ker ar\D" = ¥{B - ^^d[) + ker a n D', combining (I5.122P with (15.1121) . we find 

x'^d.Vf} = (/3 + /io)(5)w/3+a for 5 G ker Q n D". (5.123) 



To sum up, the above two cases show 

x'^d.v^ = + fio){d)va+^ (5.124) 

for d £ ker a D D", a £ T satisfying D" ^ ker a, and /3 G T satisfying D" ^ ker (/3 + //q) and 
D" 2 ker (/3 + /xq + a)- Namely, D" satisfies (p'2) in (//')• This contradicts the maximality of 
D'. 

The case in which D' satisfies (p'l) in (//') similarly leads to a contradiction. We omit the 
details here. So we must have D' = D, from which the lemma follows. □ 



Lemma 5.3 The S{T,D) -module M is isomorphic to 



(i) Ji^ for some fi £ D*; (5.125) 

(ii) £/f,^r, for some fi £ T and r] £ D*\{0}; (5.126) 
(m) ^^^ri for some fi £ T and rj £ D*\{0}; (5.127) 
(iv) ^^¥wp, where each component is a trivial submodule ofS{T,D). (5.128) 

Proof. l{S(r,D) act on M as in (P'l) of Lemma [521 i-e-, 

x"(9.M = {0} for d£keia and a £ T\{0}, (5.129) 

we see that 

M ~ ^^Fwi,, where each component is a trivial submodule of S(T,D). (5.130) 

Assume that S{T,D) act on M as in {P'2) of Lemma 15. 2t i.e., there exist /i £ D* and 
{0 Vf3 £ \ f3 £ r\{-^}} such that 

x'^d.v^ = + fi)id)vo,+p (5.131) 

for 9 G ker a, a e r\{0} and /3 € F satisfying /3 + ^/ 0/ /3 + ^ + a. 

If ^ G D*\T, (|5.13ip implies M ~ Assume fi£T. Pick some / V-f, £ M_^. Write 

x"d.v^^ = g{a,d)va-^ and = h{a,d)v-f^ (5.132) 

for a £ r\{0} and d £ ker a. To complete the proof, we need to compute g{a, d) and h{a, d) 
for all a £ r\{0} and d £ ker a. We now proceed our proof in three cases. 

Case 1. g{a, d) = and h{a, d) = for all a £ r\{0} and d £ ker a. 

By (I5.131P and (|5.i:-i2|) . we have M ~ 

Case 2. g{ao, do) ^ for some oq £ r\{0} and do £ ker ao- 
Applying (f5J3T]l and (l5332]l to 

[x"°ao,x^a].t;_^_^ = x"°+^(/3(9o)5 - ao(9)9o).^^-;.-/3, (5.133) 

we get 

g{ao,do)h{/3, d) = for /3 G r\{0, qq}, 5 £ ker /3, (5.134) 

which implies 

/i(/3, a) = for ^ E r\{0, ao}, £ ker ^. (5.135) 

Fix any 71,72 £ F\{0} such that ker 71 7^ ker 72. Pick any nonzero d £ ker 71 n ker 72, 
di £ ker7i\ker72 and 82 £ ker72\ker7i. Liserting (|5.132p into 

[x-^'du [x'^'d2,x'^'d]].v-^ = 72(ai)7i(a2)x^^a.t;_^, (5.136) 

we obtain 

I2{di)ji{d2)g{ji,d) - 5r(-7i,(9i)/i(7i, 9)5(72, 52) = 72(^1)71 (52)5(72, 5). (5.137) 



When 7i 7^ oq, using (|5.135p in ()5.137p . we get 



9(72,5) =5(71,5). (5.138) 

When 71 = ao, applying ()5.132p and (I5.135P to = x~°''^di.x"°d.V-fj,, we first 

have 

g{-ao, di)h{ao, d) = g{ao,d)h{-ao, di) = 0. (5.139) 
Then inserting (j5.139p into (j5.137p . we get 

5(72,5) = (7(ao, 5). (5.140) 

Since d G ker 71 H ker 72 is any nonzero element, from (j5.138p and (j5.140p . we see that 

5(72,5) =5(71,5) (5.141) 

for d S ker 71 n ker 72 and any 71, 72 S r\{0} satisfying ker 71 7^ ker 72. 

Choose ai G r\{0} such that kerai 7^ keroQ. Pick d' G kerai\kerao. Since T = kerao+F9', 
we define r] G D* by 

r/((9) = 5(00, 5) for any (9 G ker Qo; r]{d') = g{ai,d'). (5.142) 

Then by ()5.14ip and (|5.142p . we get 

g{ai,d) = T]{d) for any 5 G ker ai . (5.143) 

Choose 02 G r\{0} such that codim£)(ker oq H ker ai n ker 02) = 3. Then ker 02 7^ ker ai, 
ker 02 7^ ker ao and ker 02 = ker 02 H ker + ker 02 H ker ai. By (j5.14ip . (j5.142p and (|5.143p . 
we derive 

g{a2, 5) = r]{d) for any d G ker 02- (5.144) 

For any f3 G r\{0}, we have codim£)(ker /3 n ker aj n ker aj) = 3 for some i,j G {0, 1, 2} with 
i 7^ j. So (I5.14ip - (I5.144I) indicate, 

a) = ri{d) for any /3 G r\{0} and d G ker f3. (5.145) 

By (I5.145P we have 5(— ao,5o) = ??(5o) = 5(ao,5o) 7^ 0. So, we get 

/i(/3, a) = for /3 G r\{0, -ao} and 9 G ker /3 (5.146) 

with ao replaced by — ao in the discussion from ()5.133p to ()5.135p . Hence, ()5.13ip . (j5.132p . 
dSISHD, (I5TI5I1 and (f5l^ imply M ~ 

Case 3. g{a, d) = for all a G r\{0} and d G ker a, while h{ao,do) 7^ for some ao G r\{0} 
and do G ker ao • 

Fix any 71,72 G r\{0} such that ker 71 7^ ker 72. Pick any nonzero d G ker 71 Pi ker 72, 
di G ker7i\ker72 and 82 G ker72\ker7i. Applying (|5.13ip and (j5.132p to 

[x-^'di, [x^^d2,x''d]].v^,,-y, = 72(5i)7i(52)x^2 5.t;_^_^,, (5.147) 

we have 

/i(72,5) = /i(7i,5). (5.148) 



Since d G ker 71 n ker 72 is any nonzero element, we get 



/i(72,5) =/i(7i,9) (5.149) 

for d S ker 71 R ker 72 and 71, 72 S r\{0} satisfying ker 71 7^ ker 72. 

Choose «! G r\{0} such that ker ai ^ ker uq. Pick d' E ker ai\ker uq. We define 77 G D* by 

= /i(q;o, 5) for any 5 G ker ao; r]{d') = h{ai,d'). (5.150) 

By the similar arguments as those from ()5.142p to (I5.145p . we can prove 

h{(3, d) = r]{d) for any /? G r\{0} and d G ker /3. (5.151) 

Hence, from (ICTTD . (I5l32]) and (fKlKTIl we see that M ~ m^,r^{S{T, D)). 
Thus, we complete the proof of the lemma. □ 
In summary. Lemma 15.31 together with Lemma 12.11 and Theorem 12.21 implies 

Lemma 5.4 If dim D > 4, then Theorem \2.3\ holds. 
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